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PREFACE. 


HE abi upon which this little 
Tra# is founded, as to its uſe- 
Fulneſt, needs no apology ; and I 
have endeavoured to put it in fuch 


« bigte, „ 
.expeftation of the reader. 


Fer, in the fiſt place, ti . d 
a very ern table for eftimating the pro- 
bability of life, deduced from to years ab- 
ſervations on the bills of mortality of the 
city of London, whereupon . 75 
Wann art 3 
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iv The PREFACE. 
ſhewing how to compute the values of fingle 
Apes, I lay denn @ Lemma, for the ſake of 
teſt wnarguainted with the wil 5 
chances, by help whereof” the moſt 22 
Problems in the ſulject are reſokved. Next 
the values of annuities upon more lives 
than one come to bo copſdered; as, firſt, 
for any number of joint lives; ſecondly, 
for the longeſt of any number of lives; 
thiraly, for lives, wherg the gnnuity ceaſes 
en the  egtindfron of any affgne# number 
of them. Then I proceed to determine the 
values of reverfions, firft, for the longeſt of 
any number of lives, after the longeſt of any 
number of other lives; ſecondly, for: any 
number of . joint lies, after any number 
of oint . #ves ; thirdh, for any number. of 
join lives, after the longeſt of any number 
F lives; fourthly, for 1 2 bongeſt of any 
number of lives, after any number of jaint 
lives. Then, from the theorems before laid 
down, is given 'a" Jet of tables for the -va- 
"uation + annuities, upon one, two, or 
three lives, according to ſeveral rates of 
Intereſt) the uſes f which are explained 
in *Fach 4 manner, as to be underfiood by 
"all who Brow hit common ttrithmetick: © 
Na, Next 
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Net is fhewn bow fo determine the 
values of Succeſſkve Lives, where the firſt 
foſſeſſor has a right, at his diceaſe, to no- 
minate his ſucceſſor, and his ſucceſſor a 
next fucceſſor, and ſo on. Then the value 
that ought to be paid for renewing of 
teaſes upon any number of lives, together 
with the loſs or gain of the purchaſer in 
renewing for any aſſigned ſum, is confider'd ; 
&s alſo how much the rent-roll of an eſtate 
ought to be increaſed upon account of fuch 
renewals, | 


Then is given a method for finding the 
values of Reverfions, when the expectation 
depends on the chance of one particular 


life in poſſeſſion ſurviving the reſt. 


Laſtly, are laid down ſome eaſy praffical 
Rules for approximating the values of lives 
without the help of tables. 


l "What, J apprehend, may beft recommend 
this performance, is the general, yet fami- 
iar manner in which the ſubject is treated, 
there 


— — Ce w 1 —— — —— — 


vi The PREFACE, 
there not being a Solution throughout the 
whole work, except thoſe. relating to the 


aſe of the tables, that is not univerſal, ac- 
cording to any table of obſervations or My: 


gree of probability of life whatfoever ; and 


yet the concluſions and practical rules de- 
duced therefrom, are, for the moſt part, 
altogether as fimple, as could be derived 
from any hypotheſis. I mention hypotheſes, 
becauſe ſome authors on this ſubjett, with- 
out troubling themſelves or their readers 
about obſervations, &c. . bave taken upon 
them to preſcribe methods of their own, that 
have neither foundation in experience nor 


in reaſon. But tho I cannot help blaming 


thoſe men, who would thus arbitrarily ob- 
trude their own netions upon the world for 
infallible rules, yet I would not be thought 
to condemn-any hypotheſis grounded upon rea- 
ſon and matters of fact, becauſe ſuch are often- 
times made uſe of to very great advantage, 
of which Mr. De Moivre's excellent book 
on this ſubject is an inſtance. 


Having taken ſome notice of the aer 
F others, it >. not be mmproper to en- 
deavour 
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7 dequour to obviate an objection that may be 
made to the enfuing work. 


Ir is poſible that the great Ae 

which there is, in one part of life, between 
the value of an annuity according to the 
Breſlau obſervations, and the following tables, 
, may tempt ſome (eſpecially thoſe whoſe intereſt 
4 it it) to queſtion the eractneſi of the tables, 
or the obſervations whereon they were. 
grounded ; they may affirm that London 
confiſts of too flux a body to admit of any 
certain meaſure for the probability of life, 
and that the accounts publiſhed by the com- 
pany of pariſh-clerks, are not to be depended 
on. But to this I anſfiver, that tho' the conti- 
nual reſort of people from all parts, cauſes 
indeed a great increaſe in the bills of morta- 
lity, it will no ways influence the values of 
the annuities thence deduced, if the. numbers 
of perſons coming up to town at all ages, be 
proportional to the whole numbers of the liv- 
ing of the ſame ages; and thi this ſuppo- 
tion is not exattly true in ſmall ages, yet as 
experience eus it to be more nearly ſo in 
greater, and as the number of perſons that 
come 10 live in town after 25 or 3o years of 
ages 
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ge, ic inconfiderable with reſpett to the whole 
och of inhabitants, it is evident, that the 


1alues given in the tables for all ages, not 
% than 25 or 30 years, cas be but little 
fedted from the cauſe abovementioned, Tit 
'rue, the values for younger lives, have not. 
quite ſo good 4 foundation; but, I preſumes; - 
che methed 1 baus had recourſe to upon this 

occaſion is ſuch, as is not liable to any reafett-. 
able objeeHons ; and, as to the difference that, 
may ariſe from any uncertainty or error in 
the atcounts of the pariſh-clerks, it can be, 
but very little, becauſe if the age happens 70 
I given in a little too high one time, there is 
#he ſame chance cr ANA a 
3 n N A eh hd . 


Were. The Gur belonging to Lemma II. (be: 
through Overfight there dcr is wes 
a the end T Me N 


* * „ 
= = 6 4 L 


> 8 | 
- 
* & S 4 * 
b 8 N Wess ö 
id K - " 
* 
* 
0 o = 
4 i} £ 3 \ b 
* 8 
© . 
* — 
+» KK. © % —_— } > © W 


OF THE 


VALUATION 


or 
ANNUITIES upon LIVES. 


HE value of an anhuity for life, 
depends upon the intereſt which 
money bears, and the probability 
of the life continuing a longer or 
ſhorter time; rhe former of which is gene- 
rally ſettled by law, but the latter muſt 
be determined from obſervations. 

Of all that has been hitherto offered Th 
eſtimating the probability of the duration of 
fe, nothing ſeems deduced with greater 
Judgment and exactneſs, than the tables 
-publiſh'd by Dr. Halley, and Mr. Smart, 
for this purpoſe; which, nevertheleſs, are 
both liable to conſiderable objections, 

The Doctor's Table, being grounded on 
obſervations made at Breſlau, a place where 
B the 
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the generality of people live to a greater 
age than at London (as appears by com- 
parmg the bills of mortality here, with 
thoſe obſervations) can be no juſt mea- 
ſure of the probability of life in this place; 
and as to that of Mr. Smart, tho' it is in- 
deed free from this objection, and founded 
on a very large number of obſervations, yet 
the great and continual afflux of people 
from all parts up to town, renders. the de- 
ductions from thoſe obſervations conſider- 
ably different, in one part of life, from 
what they would otherwiſe be; and this 
Mr. Smart ſeems not, in his table, to have 
conſidered, or made any allowance for. 

For theſe reaſons, tho' I had determined 
to depend on, and make uſe of, this laſt 
gentleman's obſervations, in the enſuing 
pages (as, undoubtedly, the beſt for the 
city of London, and parts adjacent) yet have 
I deem'd it neceſſary to make ſome altera- 
tions, in the table of the probability of lite, 
from thence derived. 

In doing this, I have ſuppoſed the num- 
ber of perſons coming to live in town, after 
25 years of age, to be inconſiderable, with 
reſpect to the whole number of inhabi- 
tants ; and therefore the probabilities of life, 
for all ages above 25 years, the ſame as this 
author has made them ; but then have in- 
creaſed the numbers of the living, cor- 
reſponding to all ages below 25; ſo that 
rn "Ne they 


4 


Annuities apo Lives. 3 
they may, as near as poſſible, be in the 
ſame proportion one to another, as they 
would be, were they to be deduced from 
obſervations on the mortality of thoſe per- 
ſons only, that are born within the bills. 
Which was done, by comparing together 
the number of chriſtenings and burials, 
and obſerving, by help of Dr. Haltey's 
table, the proportion which there is be- . 
tween the degrees of mortality at London 
and TP in the other parts of life, 
where the ages are greater than 25. I 
ſhall here ſubjoin the table, altered as 
above, and then proceed immediately to 
the uſes thereof, 


4 Of the VALUATION of 


ALA BLE ſhewing the Probo- 


Nate. The Numbers. mark'd Xx are ſuppoſed to die 
called the Decrements of Life. 


Perſons. curt. 


No. of Ages 


No. of Ages 
Perſons. cur*. 


No of 2 
Perſons: 


curt. | Perſons. curt. 


Ne. of Ages 


| 410 x 
| $70— I 
170 * 


65 * 
635— 3 
35 * 
600— 4 
20 * 
580— 5 
16 * 
13 * 
TIP 

10 
541—8 
9 X 


33383 


8 x 


| 524—10 


1280 born 


700— 2 


524—10| 


7 * 
517—11 
7x 
510—12 

6 * 


$04—13 


3 
498—14 
6 * 


492—15 


6 x 
486—16 
„ 
480—17 
6 * 
474—18 
0 x 
468—19 
6 x 
462—20 


462—20 
Ax 
455—21 
7 * 
448—22 
r 
441 —23 
1 
434 —24 
X 
426—2 5 
8 x 
418—26 
8 x 
410—27 
8 x 
402—28 
8 x 
394—29 
gx 
385—30 


| 313—38| 


98 
gx | 
370—J1 
gx | 
307—32 
Q X | 
358—33] 
9 x 
349—34] 
gx | 
340—35 
gx | 
331—30] 
gx | 
322— 37 
OM 


gx 
304—39 
0 Xx -- 


= a. = 
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* 9 39 . 
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bilities of L1es, from Obſervations. 


off yearly, and are what, in the ſucceeding Pages, are 


No: of Ages] NT. of Age TIN»: of "Age 
. 1 _—— 
294—40]| 204—50] 130 bg—70 
D 
| 284—41] 196—z1] 123—61] 64-71 
2s $3: 4: DX; ++: $4 is 
274-42] 188—52] 1179—62| . 5972 
r Ax 
204—43] 18053] 111-03] $473 
F + 48 
| 25544] 72—54 109504} 49—4 
g * „ JF * | - 6K 4X ; 
246—45] 16555} 9905] 45-75] 
„„ gs 2 
237—46] 158—56| 93—66] 41—76 
LS BS ERR. J * | 
| 226—47] 151-57] 87-67] 3877 
8 * 7 3 * 
220—48| 144—58] 81—68 35—78 
8 x 7 * $% - 4x 
212—49] 13759] 7569 32—79 
n 7 * 6 x J x 
[29450] _130—60| 69—70| 1 


Now, 
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Now, in order to ſhew the uſe of the 
foregoing table by an example, let it be 
required to find the probability, that a nal 
fon of thirty-ſix, lives 30 years lon- 
ger, or attains to the age of 66 years, look 
in the table againſt 36 years and 66 years, 
and correſponding thereto, you will find the 
numbers 331 and 93 reſpectively; ſhew- 
ing, that out of 331 perſons living of 36 
years of age, only 93 of them arrive to 
the age of 66: therefore, ſeeing the whole 
number of perſons living at the beginning 
of this term, is to the number remaining 
alive at the end of it, in the ratio of 331 
to 93 ; the number of chances that a perſon 
of 36 years of age has to live 30 years 
longer, will be to the number of all the 
chances, that he has both to live beyond, 
and die within 30 years, in 952 N ratio 


of 331 to 93; and therefore 22 5 is the 


meaſure of the probability ns 4 the 
probability of the happening of any event, 
being always to be confidered as the ratio 
of the chances which that event has to 
happen, to all the chances which it has both 

to happen and fail. | 

This being underſtood, ſuppoſe it were 
now required to find the value of an an- 
nuity of 1001. fer a life of 20 years of 
age, intereſt at 4 per cent. 


Becauſe 
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Becauſe the preſent value of 1007. due 
at the end of one year (diſcount being al- 
lowed) is 96.15, it is plain, that ſo much 
would be the value of the firſt year's rent, 
was the purchaſer ſure to receive it ; but 
the probability of his living one year, ap- 
pearing from the table to be only Iz, the 
aforeſaid ſum 96. 15, in order to make 
a juſt deduction out of it, for the contin- 
gency of his dying before the end of one 
year, ought to be diminiſh'd in the ratio 


of 462 to 455, or multiply'd by iy 


which will reduce it to 94.70, equal to 
the true value of the firſt year's rent. 
After the ſame manner may the value of 
the ſecond year's rent be calculated ; for 
ſince the probability of receiving this rent, 


2 — 448 . 
or living two years is _ let this be mul 


tiplied into 92.45, the preſent value of 
1001. to be received at the end of two 
years, and the product 89.65, will be 
the true value of the ſecond year's rent. 

And by a like way of proceeding, the 
values of the 3d, 4th, 5th, Cc. year's 
rents, to the utmoſt extent of life, may 
be determined; and the ſum of all theſe 
will be the required value of the annuity ; 
which will be found to come out 1480ʃ. 
very near, 


From 
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From the fame method of proceeding, 
the value of an annuity for any other life 
may be determined; and tho' the opera- 
tions, requifite to this effect, are very nume- 
rous, yet, that being once computed, the 
value of the next younger life may from 
thence be eaſily derived; for if to the gi- 
ven value you add one year's purchaſe, and 
multiply the ſum, diſcounted for one year, 
by the probability of the youngeſt life con- 
tinuing one year, the product will be the 
value required (as will appear from Corol- 
lary VII. of the ſucceeding Problem.) Sup- 
poſe, for example, that the value of a life 
of nineteen were required from the value 
of a life of twenty, as above computed; 
then, the value of the given life, increafed 
by one year's purchaſe, being 1580/. the 
ſame diſcounted for one year, at 4 per 
cent. will be 1519.2, which multiply'd by 
, the probability of a life of nineteen 


- 288? 


continuing one year, gives 1499.8, for the 
_— value of an annuity upon this 
e 


Having ſhewn the manner of eſtimating 
the value of an annuity for any fingle life, 
and laid down a ready method of compu- 
ting tables for ſuch lives, according to any 
propoſed rate of intereſt, by deducing each 
value from that of the next older life, it 
remains next to conſider the manner of 

deter- 
2 
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determining the values of annuities granted 
upon two or more lives; but before we en- 
ter upon this, it will be neceſſary (for the 
benefit of thoſe unacquainted with the 
principles of chances) to premiſe the fol- 

wing. 


LEMMA I. 
If a ſum of money (S) depends upon two diffe- 


rent events, ſo as to be received, if both 
thoſe events happen ; the probability of 
receiving that ſum, will be equal to the 


product of the probabilities of the bappen- 


ing of the tuo events. 


Let the number of chances for the hap- 
pening of one of the events, be to the 
number of all the chances, both for its hap- 

pening and failing, as @ to &; and let the 
number of chances, for the happening of 
the other event, be to the number of all 
the chances, both for its happening and 
failing, as e to 4; then it is manifeſt, that 
e 


— x S, or the given ſum diminiſhed in 3 


the ratio of d to c, would be the true va- 
lue of the expectation upon this ſum (con- 
fidered without regard to time) was the 
ſame to be received, or to depend only, 
upon the * the laſt named — 

| tne 


" 1 

" 9 F ” * 

Fer- 
n 


only the 2. part of this ſum, or + x — 
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the two propoſed events; or, in other 
Words, — x S, will be the ſum that might 


be taken as an equivalent in this caſe, for 
the chance of obtaining the ſum 8. But 
the probability of the happening of the firſt 
event, or of being intitled to receive the 


ſum — x 8, as an equivalent being only 


＋. the value of the expectation; there- 
fore, as it depends on both events, can be 


a 0 


* 8, and conſequently the probability of 


receiving the ſum 8, only + x —, which 


was fo be proved. 
COROLLARY I. 


Hence, alſo, may the probability of receiv- 
ing any-ſum of money, depending on the 


happening of 3, 4, Cc. events be cafity de- 


, +, Ec. repre- 


rived: For let >, 5 


ſent the probabilities of happening of ſo 


many different events; and 8, T, U, W, 
Se. ſeveral ſums depending thereon, the 


firſt 8, to be received upon the happening 


of the two firſt; the ſecond T, upon the 
happening of the three firſt ; the third U, 
npon the happening of the four firſt, Cc. 
. _ reckon- 
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reckonin g according to the order in which 
the reſpective probabilities are placed. 
Then, ſeeing _ Nau of receiving 


the firſt ſum 8, is * 7 7, and that the ex- 


ctation on the WH * depends en- 
tirely upon the happening of this event, 
and that 1 the aforeſaid order, whoſe pro- 


c 4 


bability i 18 5 it followys that 3 Xx * 7 


the product of thoſe two, wil be the 
roman of receiving the ſum T. In 

ike manner, as the expectation on the ſum. 
U, depends upon the receiving of T, and 
the 9 of the event, whoſe proba- 


bility is , the ES of Aron. the 
ſum U, will be X — X =, Cc. whence 


it appears, that the cb big of the hap- 
pening of 'any number of events, is equal 


to the product of all the probabilities of 
Happoning « thoſe events, conſidered ſer 


PRAC, - 
PROBLEM I. 


The probability of life, and rate of intereſ 
being given; to find the value of an an- 

nutty, granted upon any number of joint 

lives, that is, far. as long as they ſhell all 
continue in being * 


we 


C2 80. 
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SOLUTION. 


Let the propoſed annuity be 1 L, and 
A, B, C, &c. the lives upon which it 15 
granted, and 7 the amount of 1 L, in one 
year, viz. principal and intereſt y let the 
probability of the life A continuing 1, 2, 


5 1 WW 


3, &c. years, be repreſented by a, a, a, a, 
&c. reſpectively; and that of the life B 


continuing 1, 2, 3, &c. years, by 6, b, b, 
&c. &c. then will the probability of "all | 
the lives continuing, 1, 2, 3, &c. years, be 


abcd, &c. abcd, &c. 4: 4. &c. &c. 
&c. reſpectively, by the Corollary to the 
preceeding Lemma. Theſe, therefore, be- 
ing reſpectively multiply'd i _ * terms of 


the geometric progreſſion, — 25 22 2 Ge. 


ſhewing the fore value of 1 L certain, 
to be received at the expiration of 1, 2, 3. 


abed, &c. 1415, 6 &C. 


Sc. years, the products "I 


2 WH 
2 Kc. 


, &c. thence * will reſpec- 


indy a the preſent values of the 
iſt, 2d, 3d, &c. year's rents, upon the con- 
tingency of one or more of the lives failing, 
in 1, 2, 3, &c. years: The ſum of all 


which, Or — abed, 444 3 &c. 


. is, therefore, the preſent value a the 
annuity, QE.1I 00. 


. 3 
2 + 
- 4 — 
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COROLLARY I. 
Hence, will the value of an annuity 


for one lingle life A, be expreſsd by 


2 44 £ +4 4-4 =, Ce. 8 


4 4 
lives, A B, by <= + = 2 42h 4 + 2, 
&c. and for ious lives „ 8 
1 425 abe 

TO. + = 


err u. 


If a, 4 3 


+ he and b, , b, J, &c. 
equal tob, b*, 65, 64, &c. &c. then will the 


value of the annuity be defined by the geo- 


Ke. 41 b* e d., 
metric 3 * —— * — 1 


* Ge 4, & bed, Ke. 


3 III. 


Therefore, if the value of an annuity 
for each of the ſingle lives be given, equal 
to M, N, P, Q &c. reſpectively; then, 


Accor d- 


1 
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according to the aboye = þ ame — 


| * 4 | „M ; | 1 29 1＋ N | 
1 e e C = 
For Sc. and conſequently the value of 


an annuity for all the n lives equal to 
Mx Ee. 


1 N 1 ET Is TT. Se. 
Ta a ſuppoſition that the probabilities of 
continuing in being 1, 2, 3;3-&c, years, 
are to one another, as the terms of a geo- 
metric progreſſion, or that the decrements 
of life are in a conſtant ratio. 


COROLLARY IV. 


4 \ » 


But if the probability of * an 
aſſigned part of time, be ſuppoſed” to de- 
creaſe continually, to the extremity of 
age, ſo that the terms of the feries 4, 


3 


a, a, a, &c. may be reſpectively expound- 
ed by thoſe. of an arithmetic: progreſſion, 


—1 1 —2 "Mz =, 


* 


„ Ak Sc. and the terms 
of the ſeries b, 3. z 45 8 es by thoſe of an 
arithmetic progreſſion, — — = T — „A, 


Sc. Cc. then will the value of an annuity, 
1 al the joint lives, it is ma bg 
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rm 9 rn l 
=* Sc. where m, n, p, &c. 
rim 2 a ' 


reſpectively repreſent the numbers of years, 
» which the ſeveral lives have a chance to 
continue, - reckoning to the extremity of 
old age. 6.4 «GR 


COROLLARY. V. 
Hence it appears that the value of an 


annuity, - according to this laſt hypotheſis, 
for one ſingle life A will be = = + 


$3 14. 228 3m wo. 401 
i F = + > Ge. for two joint 


lives AB, equal to m— 1X1 — — 
Mz „3 rmani r man 


e. and for three joint ſives, 
A, B, C, equal t- + 


rmnp _ 
2 X —2 X f—2 m—3 X N—3 X þ—3 
5 r* un * 1 un p 5 Se. 


each ſeries being to be continued to a 
number of terms (n,) equal to the num- 
ber of years included between the oldeſt 
life A, and the extremity of old age. 

But theſe ſeries may be ſummed, and 


- 0 1 


will be found equal to 


— 
7—1 MX r—1 1—1 
3 1— 5 1— 
2 Ti 2—2 = 
| MAX rl MN X 11 | 
and 


* 


W 


—. 
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d 2 S<=e2n— X. # —1 TX p—1 x 7 
—_— 3 mn X r= 
— — x 1 . —— 


map Kr * 


SPA —— 1 


mnpxr—1? 


br = 6r reſpectively ; which values, if 


— —— 
M be put for the value (= 


of an annuity, certain, for m years, * 
v for (=) that of the ſame annuity 
1 | | 


: + M 
for ever, will become v — - — , 


— 


— — 
R - 20 - 1X 2 v, 


and 3 V—} 


— 11222 pu- =} x, 
reſpectively ; ſhewing the worth of an annuity © 
for one, two, or three joint lives; u 

_ ſuppoſition, that the probabilities of living 
1,2, 3, Cc. years, are to one another, as 
the terms of an arithmetic progreſſion; or 
that the decrements of life, from year to 
mY are all equal one to another, | 


3 
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COROLLARY VI. 


But, let the probability of life be unt; it 
will, the required value may be always de- 
termined by. help of a table of obſerva- 
tions, and the general expreſſion foregoing ; 
for let the number of the living;correſponding 
to the age of A, in the table, be repreſen- 
ted by . thoſe anſwering to the next 


ſucceeding ages, in the table, by Q, Ge. 
reſpectively; and, in like manner, let the 
number of the living, anſwering to the age of 
B, be repreſented by R, and thoſe anf wer- 


ing to the next ſucceeding ages, by R, R,R, 
Sc. Cc. &c. then the probability, that 
the life A continues 1, 2, 3, &c, years, 


being & Q Q Ge. and that of the 


*Q& Q 
life B, on I, 2, 3, &. years, 


equal te A 1 K „Se. Ge. we ſhall, by 


fubſiitutiog thee ſeveral values, inſtead. of 


4/5,4;446/4,5, 3, 6x. in hf hd 


4 H 


QRS, &c. , QRS 


expreſſion, have er 18 — + 
A oe He. or „ Ec... 


r- QRS, Cc. WEST 


12 16.1 


Wa E g. equal to the vi- 


lue * the annuity. 
D CO- 
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COROLLARY VII. 


Hence, if the value (P) of the joint 
lives A, B, C, be given, or once computed, 
the value (K) of the next younger lives, 
A, B, C, Fc. whole ages are, each, reſpec- | 
| tively, one year leſs than thoſe of A, B, 
C, Sc. may be eaſily derived; for let 
Q.R, S, &c. be the numbers found in 


the table of obſervations, againſt thoſe next 
younger ages ; then, for the very ſame rea- 
ſons that LEES — + Lt LEY Sc. is = 
P, hall ge- ge Ge, be = 
K: Wherefore, multiplying the former 
equation by QR S, &c. and the latter by 
r7QRS, Sc. and, taking one from the 
1 
other, we have QR 8, Cc. =rKQR 8, Sc. 
L #8 


—PQRS, &c. and conſequently K = | 


EIT Ee. ED QRS, &c. 
RS, &c. _ 7 7 b 


8 


COROLLARY VII. 


Laſtly, from Coroll. IV, V, and the 
ven value (P) of the joint lives A, B, C, 
c, the value of an annuity upon an equal 

number 
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number of other joint lives A, E, E, Tc. 
reſpectively, younger than the former, by 
any number of years, during which, the 
decrements of life may be eſteemed equal, 
may be readily determined. Let s be the 
propoſed number of years, or the common 


difference between the ages of A and A, 


B and B, C and C, &c. and w (== ) 


the preſent value of 1 L, due at the end of 
s years; let the number anſwering to each 
of the ages A, B, &c. be taken from the 
table of obſervations, and divided . by the 
preceding decrement, and let the quotients 
(m,n, &c.) be conſidered as the comple- 
ments of thoſe ages, to the extremity of 
old age, and let (8) the value of an an- 
nuity, anſwering to thoſe complements, 
by Coroll. V. be accordingly found. 
Moreover, having added s to each of the 
ſaid quotients, and taken the ſums (1 
u e, &c.) thence ariſing, as the comple- 


ments of the ages, A, B, C, &c. to the extre- 
mity of old age, let (T) the value of an 
annuity anſwering to theſe complements, 
in the ſame manner, be alſo found. Then 
it will follow, from what has been laid 
down in the forementioned Corollaries, that 


T+P—S * ä — 
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value of an annuity upon the Joint lives, 


4, B. C, Ge. | 

mel: two laſt Corollaries will be found 
very uſeful, in computi.ig tables for the 
valuation of annuities upon one ſingle life, 
or 2, 3, or more yoint lives, as deducible 
from real obſervat:ons ; and I have inſiſted 
more largely on this propoſition, becauſe 
the moſt intricate queſtions in the ſubject, 
may be referred to it, and readily ſolved by 
help of tables ſo computed; ; as, in the 
ſucceeding propoſitions, will be made to 


oper; 


PROBLEM II. 


The ſame. things being given as in the laft 
Propofition ; to find the value of an an- 


nuity, granted upon any number f aſign- 
ed lives, that is, to continue as long as the 


agel of them is in being. 
8 OLUTI I O N. 
Let every g be ſuppoſed as in the 


that the life A, B, or C, &c. fails the 
Jer, is E. by 1—2, 1b, or 

eſpectively, the probability of ii 
ce e A, B, E, Er. failing the firſt © 


3 
year, 


. * A = the probahi- 


* 


WY » 'F ww 
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year, will be expreſs d by 1—a x 1— | 


Ic, Cc. (per Lemma) therefore that 
of ſome one or more of them, ſurviving , 


the firſt year, will be 1— 1—a x 1—6 x 


1i—c, Sc. In like manner, it will appear, 
that the probability of ſome one or more 


of the lives, ſurviving the ſecond year, will 


: f l, Wa 


be 1 1-4 1, Sc. Ge. Therefore, 
if theſe ſeveral probabilities be reſpeRively 
malig a Y the terms of the geometric 
ſeries >, A, &c. expreſſing the preſent 


value 'of I L certain, tg. bg. received at 
the end of 1, 2, 3, Sc. years, the pro- 
ducts thence ariſing, will reſpectively ex- 
bibit the preſent values of the iſt, 2d, 
3d, Cc. year's rents, upon the contingency 

of ſome one or more of the lives Cargivins 

the 1, ad, 3d, &c. youn'y the ſum of all 


which products, or—+= =+ tat LY Er. 
—— Ie 1x X e. IA... GX Al 


— 


— "i is bad the value of the 


as 


annuity. Q. E. I. 


a 
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COROLLARY I. 


Hence, if the lives be all equal, and their 
number be repreſented by s, then abc, &c. be- 
comingequal to eachother, thevalue of * an- 


nuity will be expreſſible by EE, &c. 
— — — — * r 


— — — — C 


F e 


COROLLARY. Il. 


Since the value of the annuity, / con- 
r to ſimple terms, is 


—— 6 . 2 ac „Ce. += Ge. 


2 . 2h 4. = Cc. be — e 
. ＋ . 25 c. 


Sc. GSS. Se. &c. Ge. . 


where, according to the laſt propoſition, 
the firſt collateral column expreſſes the va- 
lue of an annuity for the ſingle life A; 
the ſecond, the like for the ſingle life B; 
| the third and fourth, for the joint lives 
AB and AC, &c. &c. it follows, that 
the value of an annuity, to continue as 

| long 


—— 4 
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long as any one of the lives A, B, C, D, &c. 
is in being, is equal to the ſum of the va- 
lues of all the ſingle lives, 4% the values 
of all the joint lives, combined two and 
two, more the values of all the joint lives, 
combined three and three, 4% the values 
of all the joint lives, combined four and 
four, and ſo on. Therefore, when the 
values of the joint lives are given, the va- 


lue of an annuity upon the longeſt life, 
will from hence, be likewiſe given. 


COROLLARY III. 


But when the lives are all equal, the 

values of every 2, or 3, Cc. joint lives, 
will likewiſe be equal ; therefore, if the 
value of each ſingle life be repreſented by 


H, that of each two joint lives by H, that 
of each three joint lives by H, &c. the va- 
lues of all the fingle lives, being s in num- 
ber, will be = H, and the values of all 
the joint lives, combined two and two, 
=5 x = H, &c. Whence it is manifeſt, 
that the value of the longeſt life, in this 
caſe, will bes H- ＋ x = H+= x = * 


—2 . s [_ —2 2 8. gy 7 
Ne "In HTT 


co.: 


-- 
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COROLLARY IV. 
If the probabilities of continuing in being 
1, 2, 3, Sc. years, be expounded by the 
terms of an arithmetic progreſſion, or the 
deerements of life from year to year, be 

| equal (as in Coroll. IV. and V. 
of the laſt Propoſition) and if p, &c. 
de re ely put for the numbers of 
etween the ſeveral ages A, B, C, &c. 
and the extremity of old age, and MN P, 
Ec. be taken to repreſent the preſent values 
of an annuity certain for thoſe numbers 
of years, and v that of the annuity for 
ever; then will the value of one life A be 


equal to v 5 T , of two Is AB, 


i + iam. ich e e 


equatto 21 - x M4-N—20v4-2v+1 x - 
of three | lives A, . C, . 8 


— — — — ” — 4 0 : 
X 


PETIT Te Þ 4 hs | 


an EN ＋ O3; Se. which values, 
therefore, when the lives A, B, &c. are all 


equal, will boooine'” — #4 v — 


— 


— 2 21 2 f * and v — 
— „A1 1 
e ee, we 


. 
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Note. When the propoſed lives are un- 


equal, or of different ages, A is to be taken 


as the oldeſt of them, B as the next oldeſt, 
and ſo on. 155 


PROBLEM III. 


To find the value of an annuity granted upon 
any number, n, of lives, A, B, C, &c. 
but fo as ts continue only as long as 4 
given number, m, of them are in being. 


SOLUTION. 


Let P be the value of all the joint lives, 
A, B, C, &c. that is, the value of an an- 
nuity, for as long as they ſhall all continue 
in being together; and let Q be the ſum 
of the values of all the joint lives that can 
ariſe, by combining A, B, C, &c. ſo as to 
leave out one life at each combination, and 
R, the ſum of the values of all the joint 
lives, that can ariſe by combining the ſame, 
ſo as to leave out two lives at each combi- 
nation, Cc. Sc. Then will 
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EAT Re 2—1 —1 — 
xi * e — .: c. 


2 3 
— H——] » 
Q x I— t — of . ̃ 7 
A” 2 ug "ra. 


HmmmZ be 
R x I—— + x * | 


x IDE ES 


be the value of the annuity required; 
where the firſt ſeries is to be continued to 
as many terms, as there are units in 21 
—m; the ſecond to as many terms, as the 
firſt all but one; the third to as many as 
the ſecond, all but one, and ſo on. 


' COROLLARY. 


Hence it appears, that 'the value of an 
annuity, to ceaſe upon the failing of the 
firſt life, will be P; upon the failing of the 


ſecond life, 1—1 x P+Q; upon failing of 


the third life, 1—n-+1 x — x P22 


* 


＋ R; and upon failing of the fourth 


I a STR 
life, 1-H =- „ * P 


44 = * x Q+3—nxR 
4'S, Sc. &c, 


PRO- 
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PROBLEM IV. 


To find the value of the reverſion of the 
longeſt of any number of lives, A, B, C, 
after the longeſt of any number of other 
lives, P, Q, R. 


SOLUTION. 


From the value of all the lives, A, B, C, 
P, Q, R, ſubtract the value of the lives, 
P, Qu R, in poſſeſſion; the remainder will 
be the value of the reverſion. A 

The truth of this Solution is almoſt ſelf- 
evident; for the exceſs of the value of all 
the lives, above that of the lives in poſ- 
ſeſſion, is equal to the ſum that ought to 
be paid, for the chance of enjoying the an- 
nuity after the deceaſe of theſe laſt lives; 
and ſo muſt be the true value of the rever- 


ſion. 
PROBLEM V. 
To find the value of the reverſion of any 


number of joint lives, A, B, C, after any 
number of Joint lives, P, Q. R. 


1 80. 
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SOLUTION. 


From the value of the joint lives in re- 
verſion, ſubt act the value of all the joint 
lives, and there will remain the value of 
the reverſion. 


DEMONSTRATION. 


Let the right of the reverſion, or all the 
rents that may happen to ariſe from the an- 
nuity, during the joint continuance of 
A, B, C, after one of the lives P, O; R, in 
poſſeſſion, is extinct, belong entirely to one 
perſon K, and his heirs; and let him be 
admitted into immediate poſſeſſion of the 
annuity, for the joint lives, A, B, C, upon 
condition that he or his heirs ſhall pay back 
the rent thereof, till ſuch time as it becomes 
his or their own proper right. This being 
premiſed, it will appear, that as long as all 
the lives, A, B, C, P, Q: R, are in be- 
ing, and no longer, ought K, or his heirs, 
to pay back the rents of the annuity; for 

firſt he ought to pay, while A, B, C, P, Q. R, 
are all in being, becauſe all this time he re- 
crives the rent of an annuity, to which he 
has no right; bat ſecondly, he ought not 
to pay after the deceaſe of any 3 

; | L ves, 
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lives, P, Q: R, ſince whatever he may hap- 
pen to receive afterwards, is his own juſt 
property ; nor ought he to pay after the de- 

ceaſe of any of the liyes, A, „ B. C, becauſe 
then he is wholl exempted from all fur- 
ther benefit ng from the annuity. 
Therefore, ſeeing the value of all the 
rents that K and his heirs may happen to 


pay, is the * as the value of all the 
joint lives, A, B, C, P, Q, R, and the va- 


lue of all that they may receive, or the 
whole produce of the annuity, the ſame as 


that of the joint lives, A, B, C, the Solution 
is manifeſt. 


Otherwiſe, , 
Let the probabilities of the life A, con- 


 tinuing $3, „ years, be detioted by 
a, 4, a, &c. and thoſe of the life continu- 


ing I, 2, 3, Cc. years, by 6, J, J, &c. re- 
vely, &c. In like manner, let the 


probabilities of the life P, continuing I, 


2, 3, Ce, be denoted by p, 5 5, &cc. 
and thoſe o the life 8 — 2,3, 


&c. , 9, 9, &c. let the annuity 
2 L. amount of 1 L in 


one year, viz. principal and ory meal Now, 


the expectation of A, B, C upon the firſt 
year's rent, depends upon theſe two events z 
firſt, that they all continue in bein till the 
end of that year, and ſecondly, ſome 


2 one, 
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one, at leaſt, of the other lives, P, Q R, 
fails before that time: Wherefore, ſeeing 
\ the probability of the former is abc, and 
that ie the latter 1—pqr, the probability 
that both happen, or that A, B, C, ſhall 
receive the firſt year's rent, will be abc * 


 I—pgr, or oat this, therefore, 
multiply'd into —, the preſent value of 1 & 


due at the A of - one year, gives 
3 — 22, for the true value of the 


expectation of A, B, C, upon the firſt year's 
rent ; and by the very fame way of reaſon- 
ing, the expectation of A, B, C, on the 
2d, 3d, Fc. year's rents, will appear to be 


/ 3 AHL IHN 747. 
a 


Z. EEE HEL, Ge. veſpec- 


_— ˙ — — ——— 3 
FL 


tively ; the um of all which, or <= + 
abc 


E is, AI the tatal — of the re- 
verſion ; and this, from Problem I, ap 4 
to be equal to the value of the joint ves, 

A, B, C, leſs the value of all the joint 
lives, A, B, CP P, QR, as was to be 


* 


AT 17775 


* $4 er. — abepgr. 
, & mn r 


PR O- 
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PROBLEM VI. 


To find the value of the reverſion of ay 
number of joint lives, A, B, C, after the 
longeſt of any number of other lives, 


2 3 


SOLUTION. 


Let @,bc, Gc. be as in the laſt Pro- 
blem : Then, becauſe the probability of all 
the lives, A, B, C, continuing till the end 
of the firſt year, is abc, and that of all the 
other lives, P, Q, R, failing before that 
time, I x 1—9 «x Ii, the probabili 

that 8 thats wrote aa or — 
A, B, C, receive the firſt year's rent, will 
(by the preceding Lemma) be abc x 


1 x 1I—q x I; this therefore multi- 
plied by—, the preſent value of 1 L cer- 
tain, to be received at the end of one 
year, gives KA pr the true 


value of the expectation of A, B, C, upon 
the firſt year's rent, allowing for diſcount, 
and all contingencies. After the very ſame 
manner it will appear, that the value of the 
expectation of A, B, C, on the 2d, 3d, Cc. 

: year's 
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175 7 1 


1 — —42— — | 


year's rents, will 
abe x — — * — 

-, Sc. reſpectively. 
Therefore "the ſum of theſe values, or 


Ae 7 
— 1 X — 1— D e 1 


8 m * 


7 NN 
AE Sc. is the whole 


value of the reverſion, Q. E. I. 


COROLLARY. 


If the laſt 1 expreſſion be reduced 
to ſimple terms, and compared with that 
in Problem I. it will appear that the va- 
lue of the reverſion, jy go any number of 
joint lives A, B, C, after the Jongeſt of any 
number of lives, P, Q R, is equal to the 
value of all the joint lives A, B, C, 4 
the values of all the joint lives ariſing from 
combining (at each combination) all the 
lives A, B, C, with each one of the other; 
more the values of all the joint lives, 

ariſing from combining all the lives A, B, C, 
with each #wo of the other; 4% the Va- 
lues of all the joint lives, ariſing from com- 
bining all the lives A, B, C, with cach 
three. of the other, and fo on. 
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PROBLEM VI. 


To find the value of the reverſion of the 


longeſt of any number of lives A, B, C 
after any number of joint lives, P, QR. 


SOLUTION. 


Let m, a, 4, b, J. p. b. g. Ge. be fill 
as in the preceding propoſitions. There- 
fore, ſeeing the probability that one or 
more of the lives P, Q, R, fails the firſt 
year, is expreſs d by 1-pgr, and that of 
one of the lives A, B, C, at leaſt, ſurviv- 
ing the firſt year, by 1—1— x 1—b x 1, 
the probability that theſe laſt A, B, C, 
receive the firft year's rent, will be 
Ir, III, and con- 
ſequently the value of their expectation on 
that year's rent, S Y . 


pu > 
— pt xi 
mM n * 

And, from the very ſame way of 
the value of their expectation on the ad, 
3d, &c, year's rents, will appear to be 


— — 


; 1 17 1. / 
1—1—4 X 17 1— c X 1—1— 4 „ 1— d 
* 2 — 77 an 


EE mou 


-- 
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— — 


WHY 
— Sx — 245 11x — by 


Ge. Therefore the ſum all ll theſe, or 


/ 
| I—I—a X 1—3 X = 1 X 1 — 


oy m * 5 m i 

: . Wr — — 
1—1—a X — 1— Per X 1—1— 4 X — ·x1— 
—— =, Efc.— = 


—— — - — 


8.86 / 7 i 
— I—I—4X1-—Y”Xx 12 


7 


11 


4 < = Ge. muſt be the 
total value 2 the reverſion. QE. I. 


CORO LLARY. 


Hence,” - becauſe it appears from tha 
preceding problems, that the firſt ſeries, 


EIT — 


py 3 . 
1 * — — Ge. 


mes the value of the hal of the 
lives A, B, C, and that the ſecond 


MEETS, Sc. (reduced hs 


fimple terms) is equal to the values of 
all the joint lives ariſing from combining, at 
each combination, all the lives P, Q, R, with 
each one of the other, Sc. it follows, that 
von value of the reverſion of any number 
bas, -of 
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of lives A, B, C, after any number of joint 
lives, P, Q, R, is equal to the value of the 
lives A, B, C; % the values of all the 
joint lives, ariſing from the combination 
of all the lives, in poſſeſſion with each one 
of the other; more the values of all the 
joint lives, ariſing from the combination of 
all the lives, in poſſeſſion with each uo of 
the other; /z/s the values of all the joint 
lives, ariſing from the combination of all 
the lives, in poſſeſſion with each three of 
the other, and ſo on. 
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TABLE I. 
For the Valuation of Annuities upon one 
LIFE. 


1 _ 


T Year's [Year's [Year's Year's Year's Year's | 
| k Purch. Purch. |Purch. > Purch. |Purch. |Purch. 
A jats I at 4 perjat 3 per 


cent. 


© [at 5 
ent. cent. © cent. cent. | 
| 


14.1 
I 4.2 


14.3 


14-3 
14.3 


16.2 
16.3 
16.4 
164 
16.4 


18.8 
18.9 
19.0 
19.0 
19.002 


| 


21 
22 
23 
24 


12.9 
12.7 
12,6 
12.4 
6112.3 


14.7 
145 


14.3 


14. 
14.0 


17.0 
16.8 
16.5 
16.3 
16.1 


by be by ry hog — | 
15 F-Y-$-Y 0 ow a 


14.3 
14.2 
14.1 
14. o 
13.9 


16.4 
16.3 
16.2 
16.0 
15.8 


19.0 
9 
18.7 
18.5 
18.3 


26 
27 


12.1 
12. 0 


28 
29 
2 


11.8 


11.7 
11.6 


13.8 
13.6 
13.4 
13.2 
1341 


15. 
15.60 
15.4 
15.2 


15.0 


13.7 


13.5 
13.4 
13.2 
13. 0 


15.6 
15.4 
15.2 
15.0 
14.8 


18.1 
17.9 
17.0 
17.4 
17.2 


31 
32 
33 
34 


35| 


11.2 
11.0 
10.9 


11.40 
11.3 


14.8 
14.6 
14.4 
14.2 


14.1 
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Year's Year s [Year's | Year's [Year's [Year's | 
> |Purch. Purch. |Purch. > [Purch. |Purch. Purch. 
[7 pts t 5 gerat 4perjat 3 per) fat 5 per at 4 pert Ser] 

ent. Na ent. ent. _ 

* —— — — — 
36]10.8[12.1[13.9| 56] 8.4] 9.110. 1 
37110.6|11.9þ13.7|57| 8.2] 8.9 9.9] 
38110.5]11.8]13.5|58} 8.1] 8.7] 9.6 
239110.4|11.6]13.3| 59} 8.0] 8.6] 9.4 
40/10. 311.513.260 7.9] 8.4| 9.2 
[41]10.2|11.4|13.0]/61] 7,7] 8.2 7 
42010. 111.2 12.862 a 8.1] 8:7 
43]10.0]11.1112.6]63|: 7.4| 7.9 8.5] 
44] 9.9]11.0]12.5}64| 7.3] 7.7 8.3 
45] 9.810.812.3065 7.1] 7.50 8.0 
46 9.7 10.7 12. 1166 6.9] 7.30 7-8 
47 95 10.511.967 6.7] 7-1] 7.0 
480 9-4| 19-4 11,8168] 6.6] 6.9] 7.4 
49] 9.310.211.6069] 6:4] 6.7 7.1 
50 9.2 10.111.470 6.2 6.5 6.9] 
51 9.0 9.9 11,2 71 6.0 6.3 6.7 
520 8.9] 9.811.072] 5.8] 6.1] 6:5 
153] 8.8] 9.610.773] 5:6] 5:9} 6.2 
54] 3.6] 9.410.574] 5.4 5-6] 5:9 
55] 5-5] 9:3119-3175| 52 5:4] 5-0 
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PU S&S18 
For the the Valuation of Annuities upon 


two joint Lives. 


* 


„ OF" "x 8 


P Year's [Year's 


$ [Purch. 


8 


5 
ent. 


Year's 
. |Parch. 


t 4 per/at 3 perl 
ent. |cent. 


6011.3 
7111.5 


11. 
11.6 
1 1.6 


| 13.0 
13.0 
13.0 


127 
12.9 


I 4-4 
14-6 


11.5 
114 
11.3 
11.2 


12.9 


12.7 
12.5 | 


11.0 12.3 


12.8 


6 
1710.7 
18 


19 10.3 


„ 
| 


10.8 


10.5 


12.1 


11.9 


11.5 
11.3 


11.7 


— 
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TABLE III. 


For the Valuation of Annuities upon the 
lengeſt of two Lives, 


—_— 


* 


— — 


Year's 
Purch. 


t 5 per 


cent. 


Year's 
Purch. 
At 4 per 


cent. 


16.9 
17.0 
17.1 
[7.1 
17.1 


1977 
19.9 
1946 
1949 
19.9 


17.1 
17.0 
16.9 
16.7 
| 16.6 
10.4. 
16.2 
16.1 
I 5.9 


15-7 


7 —— W 


| IQ.1 


i9.9 
19. 
19.7 
19.5 
19.3 


18.0 
18,7 
18.5 


Year's 
Purch. 


at 3 pe. 
cent. 


23.3 
23.4 
23-5 
23'S 
23.6 
28.5 
23.4 
23-3 
23.1 
22.9 


22.6 


22.4 
22.1 
21.9 


18.3 


Lots 


|= — 


15.6 


Year's 
rurch. 


at 5 per 
cent. 


15.4 
15.3 
15.1 

15. 0 
14.9 
14.7 
14.6 
14.5 
14.4 


at 4 per 
cent. 


Yaar's vers f 
Purch. Purch. 


at 3 per 
cent. 


18.2 
18.0 
17.8 
17.0 

17.4 


21.3 
21.1 
20.8 
20. 
20.3 


17.3 
17.1 
16.9 
16.8 
16.6 


ä 


20.1 
19.9 
19.7 
19.5 
19.3 


16.4 
16.2 
16.1 
15.9 


19.1 
18.9 
18.7 
18.5 


18.3 


| — 


-- 
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the. 


= {Year's [Year's [Year's | = Year's [Year's Year's 
3 Purch. Purch Purch. 3 Puch. Purch. Purch. | 
| at 5 Par 4 ev at 3 per > at 5 ord 1 we 3 pert = 
A cent. ſcent, cent. | cent. cent. cent. | 
36]13.7]15.(| 18.1j56|11.2[12.1]13.4 
1371 13.0] 15.5] 17.9]57|11.0] 11.9] 13.1 = 
355 13.5115.3117.758To.911.712.8 
39] 13-4] 15.2] 17.5159] 19.711.512. 5 
4013.3] 15.0] 17.3] of l0.5]11.2] 12.2 
411132] 14.9] 17. 006 110.30 11.0012. 
42]13.1 14.7 16.306210. 1 10.8117 
4313.00 14.516.553 9.9] 10.5]11.4 
441 12.9] 14-3] 10.3164] 9.7] 10.3] 11.1 
45] 12.8] 14:2] 16.1]65] 9.4] 10.0] 10.8 
46] 12.6] 14.0] 15.8066 9-2 9.7110. 5 
471 12-5] 13.5] 15.657] 8.9 9.410. 2 
48] 12.4] 13.6] 15.3168] 8.7] 9.2] 9.9 
491 12.2]13-4|15.1]69] 8.5] 8.9] 9.5 | 
5c 12.1] 13.3] 14.9]}7o| 8.2] 8.6 9.2 
1 — — 
5111.9 13.1 14.6710 8.0 8.4] 8.9 | 
52111.8] 12.9] 14.4[72] 7.7] 8.1] 8.6 l 
$2]11.6|12.7] 14.1]73] 7-5] 7-8] 8.2 | 
$411.51 12.5] 13.9174] 7-2] 7-5] 7:9 
S$|11-3]12.3 13.6 75 6.9] 7-2 7-6] 


G 2 
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| TA W. 


For tbe Valuation of Annuities upon three 
joint Lives. 


71 9.91 10.8|11.9|22] 8.1] 8.9 9.8 

8]10.0f10.9|12.0[/23] 7.9] 8.7] 9.6 

9] 10.0] 10.9 12.04] 7.7] 8.5} 9.4 

101 10. o 10.9|12.0[25} 7.6 8.3 9.2 
11 9.9] 10.9] 11.912 4| 8.1 9.0 
12 9.8 10.711.827 hy 8.0 3.8 
113] 9.6j10.5|11.6]28] 7.1] 7.8] 8.6 
114] 9.5 10.411.449 7.0] 7.7] 8.5 
151 9.301.211.2300 6.8] 7.5] 8.3 
160 9.210.011. U 6.7] 7.4] 8.2 
17] 9.0 9.810.832 6.5] 7.2} 8.0 
13] 8.8] 9.610.663] 6.4} 7.1} 7.9 
19 8.6] 9.4 19.4134) 6.2} 6.9] 7.7 
8.4] 9.210.235 6.1 6.8 7-6 
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TABLE V. 


Po the Valuation of Annuities upon the 
longeſt of three N 


= [Year's ex's [Yes Fe F = ws Vear's 
Fi: Purch. $ [Purch . [Purch. _ 
t 5 per A t 5 fer at 4 per at 3 per 
t. 


8 cent. cone. rent, (cent. cent. 


618.021.025. 010169 19.523. 
718.121.125.122 16.8 19.40 22.8 
8018.22 1.2 25.2230 16.619.222. 6 
918.221.225. 224016. 519.0 22.3 
018.22 1.2 25.2 50 16.418.822. 1. 


1118.2 21.225. 2260 16.3 18.7 21.9 
120 18.121.125. 1027] 16.118. 52 1.6 
1318.02 1.00 25.0280 16.0 18.32 1.44 


14 17.9 20.9 248029 15.9 18.22 1.2 
15 17.820. 24.6130 15.8]18.0|21.0 


16, 17.6 20.5 24.3 31 15.6 17.8 20.8 
17 17.520.324. 10320 15.5 17.7 20.6 
18 17.3 20.1123.8 23]15.4 |17.0]20.4. 
29 17.2 19.9123-5134| 15-3 |17-4120-2 
"A 17.0þ19-7123-3 35[15-2|17- 3 20. 0 


- 
„„ 
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Annuities #pon Lives. 
= 179 Year's 'Year's = Vans Year's ba 
Purch. Purch. Purch. $ Purch. Purch. [Purch. 
> ſat 5 per at 4 per at 3 per S at 5 per at 4 pe ſat 3 pert 
92 cent. cent. or ent. ſcent. 
26 I;.1|17.2519.9 I3.7|15.1] 
37 L bot 19.7 13-5] 14.8 
3814.9 16.919. 5 13.2114. 5 
3914.8 16.719.3 12.9] 14.1 
40]14.7|16.6] 19.1 12.7] 13.8 
4114.6 16.4 18.9 12.5113.5| 
42014. 5 16.3] 18.7 12.2]13.1 
4314.4 16.2018. 11.91 12.8 
4414.3 16.00 18.2 11.6012. 5 
4.5] 14-215-9 18.0| 11.4J12.2 
46] 14.1 15.7 17.7166] 10.5|11.1Þ11.8| 
47113-9j15-5| 17.5167] 10. 20 10.811. 5 
4813.815317. 2680 9.910. 511.2 
49] 13.715. 1 17. o 9.610.210. 9 
50[13.5|14.9; 16.7 9.3] 9-9] 10.5 
51 134X477 16.5 9.0] 9.610. 2 
5213.2 14.5 16.2 8.7] 9.2] 9.8 
53113-1114.3|15.9 8.4] 8.9] 9.5 
54112.9|14.1|15.7|744 8.1] 8.6 2 
55 12.8]13-9115-4 7-178 2] 8.7 
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Here follow the practical Solutions of 
ſeveral Problems, depending on the fore- 
gaing tables, 


PROBLEM VIII. 


70 find the value of an annuity fir an 
affigned life. 145 


' SOLUTION. 


Look out the given age in table I. and 
againſt it, towards the right-hand, under 
the propoſed rate of intereft, will ſtand the 
number of years purchaſe, which an an- 
nuity upon that life is worth. 


EXAMPLE 
Let the given age be 18 years, and the 
rate of intereſt 4 per cent. then looking 
againſt 18, under 4 cent. I find 1 5. z, 
equal the number of years purchaſe re- 
quired. | | 


PROBLEM IX. 


To find the value of an annuity upon two 
aſſigned joint lives. 10 


Annuities pon Lives. 51 


SOLUTION. 
CASSEL 


If the two lives be equal; enter ** II. 
with the common age, and againſt it you 
will have the value required. 8 


CASES. 


If the given ages be a but nei- 
ther of them leſs than 25, nor greater than 
50 years; take half the um of the two for 


a mean age, and proceed as in Caſe 1. 


CASE III. 


If one or both ages be without the li- 
mits abovemention'd, but ſo that the diffe- 
rence of the values correſponding to thoſe 
ages, be not more than 7 of the leſſer; 
let S of that difference be added to the 


fila * value, and the ſum will be the 
value ſought. 


*. At. __— —_— — = „ 
_— 


hes This and the following Solutions are ſo iA as 


to be always d on to leſs than 1 of a year's pur- 
chaſe, as 1 


H Gene- 
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Generally, 
Be the difference of the values what 
it will, multiply it by — the leſſer of the 


two values, dividing the product by the 
greater; then the quotient, added to the 
leffer value, will give the true anſwer very 
near, * 


EXAMPLE of CASE I. 


Let the two given ages be each 18, and 

intereſt at 5 per cent. then in tab. II. againſt 

18, under 5 per cent. is 10.5 years pur- 
* f 


| EXAMPLE of CAsE II. 


In which the rate of intereſt is ſuppoſed 
as above, and one of the two ages 34, the 

other 48 ; therefore the half ſum of the 
ages is 42, againſt which ſtands 7.1. 


ExAMPLE of CASE III. 


Where one age is ſuppoſed to be 15 


years, the other 2g ; here againſt 15 years 

will be found 11.6, and againſt 29, 8.8, 

the difference of which two values is 2 * 
an 


— 


* 
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4 


and -- thereof, equal to 0.88; this there- 


fore, added to 8.8, gives 9.68, or 9.7, for 
the anſwer. | | 


ExAMPLE of CASE IV, 


Let the rate of intereſt be 4 per cent. and 
one age 11 years, the other 68. The values 
correſponding to theſe ages, are 12.9. and 
4.6, their Fiorence is 8.3, which mul- 
tiply'd by 2.3. will be 19.09, this divided 
by 12.9, quotes 1.5, which therefare, ad- 
ded to 4.6, the leſſer value, gives 6.1, 


equal the value ſought. 


PROBLEM X. 


To find the value of an annuity upon two 


lives, that is, to continue as long as either 
of them 1s in being, | 
SOLUTION. 
CASE 


If the lives be equal, find the given age 
in tab. III. and againſt it, under the pro- 
one rate of intereſt, will be the num- 


er of years purchaſe required. 


H 2 CASE 
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CAS E II. 
If both ages be between 25 and 50, take 


half their ſum for a mean age, and pro- 
ceed as in Caſe I. 


CASE III. 


If one or both ages be without the li- 
mits mentioned in the laſt caſe, but the 
difference of values correſponding to thoſe 
ages, as found in tab. III. be not more 


than g part of the leſſer; take half the 
ſum of thoſe values for the value required. 


| — Generally, | 
Let the given ages be what they will, 


find the value of the two joint lives by 


Caſe IV. Prob. IX. which ſubtract from 

the ſum of the values of the two fin- 

ole lives, and there will remain the re- 

2 value of an annuity upon the longeſt 
% | | 


EXAMPLE of Cass I. 
| Wherein the two given ages are each 


ſuppoſed 50 years, and the rate of intereſt 
4 per cent, . Here: againſt 5o years, in 
SM tab. 


Annuities «0 Lives. gz 
tab. III. under 4 per cent. ſtands 13.3, 
ſhewing the number of years purchaſe, 
which 'an annulty is worth for two ſuch 
lives. 1 


ExAMPLE of CAsE II. 


* one age 30 years, and the other 
463 t the half ſum of the ages will be 


38, anſwering to which, under 4 per cent. 
ſtands 15.3. 


EZ Au of CASE m. 


Let the two propoſed ages be 6, and 21 
years; then againſt 8 years will be I9.7, 
and againſt 21, 18.2, the half ſum where- 
of, is 18.95, equal to the number of years 
purchaſe required. 


ExAMPLE of CASE IV. 


Let one age be 11 years, the oder 68, 

and the rate of intereſt as in the preceding 
examples. Then the value of = two 
Joint lives, by Caſe IV. of the. laſt Pro- 
blem, will be found 6. I, and the values of 
the ſingle lives, by Problem VIII. equal to 
16.3, and 6.7, the ſum of which two, de- 
creaſed by 6.1, is 16. 9, equal to the value 


required, 
| 8 PR O- 


| 
| 


—— — — . —— ⏑7—— 
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"PROBLEM XI. 


To find the value of an annuity upon three 


Joint lives. 
$O0LUTION. 


'e# & + Bee © 


If all the lives be equal; find out the 
given age in tab. IV. and againft it, under 


the propoſed rate of intereſt, will be the 
** of years purchaſe required. 


SAS E I. 
If all the three ages be between 15 


and 55 years, and the difference between 


the greateſt and leaſt of them not more 
than 15 years, take — part of their ſum 
for the mean Ae, and Proceed as in 


Caſe I. 


CASE II. 


If one or more of the propoſed ages 
be without the limits, mentioned in the 


laſt article, but the difference of the va- 


lues anſwering to the greateſt and 1 
| 0 
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of them, not greater than half the leaſt; 
then to the ſum of the two greater. 


values, add twice the leaſt, and take yy of 
the ſum for a mean value required, 


Generally, 


Be the ages what they will, multiply 
the ſum of the three correſponding va- 
lues, by the ſquare of the leaſt of them, 
reſerving the product; multiply the two 
greater values into each other, and to 
the double of the product, add the ſquare 
of the leſſer value; divide the reſerved pro- 
duct by this ſum, and ſubtract the quo- 
tient from twice the leſſer value; the re- 


ſult will be the value fought. 


EXAMPLE of CASE I. 


Let each age be 35, and the rate of 
intereſt 3 per cent. then in tab IV. againſt 
35, under 3 per cent, ſtands 7.6, which is 
the number of years purchaſe that an an- 
nuity is worth for the three joint lives. 


ExAMPLE of CAS E II. 


Let the three given ages be 20, 25, and 
33 years, Here = of the ages will be 26, 
| correſ· 
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correſponding to which, under 3 per cent. 
Rands 9.0. 


| 1 of CASE III. 


Where the propoſed ages are 7, 15, 
and 33 years; againſt theſe ſtand 11,9, 
11.2, and 7.9, therefore the ſum of the 
two greater values 1s, here, 23. 1; this added 


to twice the leſſer, gives 38.9, the - ＋ of 
which, or 9.725, is the value ſought. 


ExAaMPLE of CASE IV. 


Let the three ages be 13, 31 — and 53 
hes and intereſt 4 per cent. then the va- 
ues Ns to thoſe ages, will be 10.5, 
o; the ſum whereof is 22.8, 
— multiply d by 25, the ſquare of the 
leaſt of them gives 570, to be reſerved : 
Again, the two greateſt values multiply'd 
into each other produce, 76.65, the dou- 
ble of this added to 25, the ſquare of the 
leaſt will be 178.3, by which dividing 570, 
the reſerved product, there comes out 3.2 
this ſubtracted from 10, the double of the 
leaſt value, leaves 6. 8 for the _ re- 


quired. 
PR 4 
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PROBLEM XII. 


Ce find the value of an annuity upon the 
longeſt of three lives. 


SOLUTION: 


CASE I. 


If the lives be all equal, ſeek the com- 
mon age in tab. V. and againſt it, under 
the propoſed rate of intereſt, will be ths 
number of years purchaſe required. 


CASE  » 


If none of the ages be leſs than ro, 
nor greater than 60 years, and the difference 
between the greateſt and leaſt of them 
not more than 15 years, to twice the ſum 
5 the two leaſt add the . and take 


8 part of the ſum as a mean age. 


CASE III. 


If the difference of the greateſt and 


leaſt values, found againſt the propoſed 
ages in tab. V. be not more than — of 


4 
the leaſt; then, to twice the ſum of the 
| I two 


— — ee — — —_ 
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two greateſt values, add the leaſt; taking 
part of the ſum for a mean value. 


* Generally, 


Find the. value anſwering to the great- 
eſt of the given ages in tab. III. and the 
values correſponding to all the three ſeveral 
ages in tab. V. and let the difference of 


the two values, anſwering to the greateft 


age, be taken and reſerved; let the ſquare 
of the greater of theſe two, be divided by 
the product of the two other remaining 
values; multiply the ſquare of the quotient 
by the reſerved difference, then this laſt 
product, added to the value of an annuity 
for the two youngeſt lives, will be the va- 


lue required, 


ExamrPLEGg Casz I. 


Let the three ages be each 35 years, and 
intereſt 4 per cent. then in tab. V. againſt 
35, under 4. fer cent, ſtands 17-3» for the 


number of years purchaſe requir 


ExAMPLE of Cass II. 


Let the propoſed ages be 16, 24, and 30 
years, then will the nean age be 22 years, 


And the number of years purchaſe required 


Ex- 


m 
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ExameLz of Casz III. 


Suppoſe the three ages to be 28, 3s, and 
44, then the three correſponding values 
will be 18.3, 17.3, and 16.0, and there- 
fore twice the ſum of the two greater 
added to the leſſer, is 87.2, which di- 
vided by 5, quotes 17.44 for the anſwer, 


| EXAMPLE of CAS IV, 


Loet the given ages be 20, 36, and 
60, and intereſt as in the preceding ex- 
amples : Here, the value found againft 60 
years in tab. III. is 11.2, and thoſe againſt 
20, 36, and 60, in tab. V. 19.7, 17.2, 
and 12.7, IT wherefore, taking 


11.2 from 12.7, we have 1.5 for the diffe- 
rence to be reſerved: Now the ſquare of 
; 12.7, divided by the product of 19-7, 
and 17.2 is 0.6, the ſquare of which, 


multiply'd by 1.5, the reſerved diffe- 

rence gives 0.375; this added to 17.0, 

the value of an annuity for the two 

youngeſt lives (as determined by Caſe II. 

5 Prob. X.) will give 17.375, or 17.4 for the 

number of years purchaſe, which an an- 
muity is worth upon all the three lives. 


2 a | 12 R Ex 


y_ 
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REMARK. 


That the reader may not entertain any 
ſcruple concerning the exactneſs of the me- 
thods of Solution hitherto laid down, for 
eſtimating the values of annuities upon 
two or more unequal lives, I ſhall here, 
according to my promiſe, endeavour to 
make it appear, that thoſe Solutions may 
be always depended on, as very near the 
truth. In order to this, it will be requi- 
ſite to reſume the two hypotheſes laid down 
in Corol. II. and IV. Prob. I. wherein the 
- probabilities of life are ſuppoſed in a geo- 
metrical, and in an arithmetical progreſſion; 
and to compare the values of equal fictiti- 
ous lives, computed according to thoſe hypo- 
theſes, with the correſponding values in the 
tables, for real lives, computed from actual 
obſervations, and then to conſider from thence, 
how the values ought to differ in lives that 
are unequal, Accordingly, let the value of 
each of the equal lives, whether confidered 
as real or fictitious, be ſuppoſed equal to 
any number of years purchaſe, as 7, 8, 
9, 10, IT, 12, 13, 14, and 15, ſucceſſive- 
ly, and let the rate of intereſt be at 4 
o cent. then will the correſponding va- 
ue, of two equal joint lives, be as in the 
following little table, whereof the firſt cq- 
lumn expreſſes the value of cach of the 

n fingle 
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fingle lives, and the 2d, 3d, and 4th co- 
lamns, the value of the joint lives, accord- 
ing to obſervations, and the two foreſaid hy- 
potheſes reſpeCtively, | 


Value | Value of 2 Value of 2| Value of 2 
of 4 — joint 1 2 
in r . 4 4 — 
E 
— — — 
247 | 39 49: 
8 3 4.0 5.0 
9 | 6.1 6.3 .. = x 
10 | 6.8 6.1 7-1 
11 7.6 6.9 7.9 | 
12 8.5 7.8 8.8 ] 
13] 95 | 7 | 97. 
14 | 10.5 | 9.7 | 10.6 
| 15 | 11.4 | 16.6 | 11.6 
| Go — 


Now, by inſpecting this table, we may 
obſerve, firſt, that the value of the joint 
lives, according to the laſt of the two hy- 
potheſes, is a ſmall matter greater than the 
value of the ſame lives, as deduced from 
real obſervations, but never by more than 


about . of an year's purchaſe ; and ſe- 
10 


condly, that, on the other hand, the va- 
ue of the joint lives, according to the firſt 
hypotheſis, is always leſs than the true va- 
lue deduced from obſervations, and that 


at 
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at leaſt by 75 of a year's purchaſe. Hence 
we may infer, that the probabilities of life, 
as given in the table of obſervations, do 
not come ſo near a geometric progreſſion, 
as to an arithmetic one (which, in ſome 
meaſure, appears from the table itſelf) and 
conſequently that the value of an annuity 
upon real lives, whether equal or unequal, 
will differ little from the value de- 
rived from the laſt hypotheſis, bat ſome- 
thing more from the former. Let us, there- 
fore, now ſee what the differences will be, 
in two unequal joint lives, by the general rule 
before given, (in Prob. IX.) from whence. 
we ſhall be enabled to judge of the exact- 
neſs of that rule. What theſe differences 
are, may be feen by the following ta- 
ble, which exhibits the values of the joint 
lives, according to each of the three fore- 
ſaid ways; wherein the value computed by 
the rule,. compared with thoſe derived from 
the hypotheſes, appears to agree ſo exactly, 
Frong out the whole table, with what has 
been above obſerved, with reſpect to the true 
yalue, as to ſufficiently prove, that the rule 
it ſelf muſt be very near the truth, But 
if this rule be near the truth, the two 
rticular ones preceding it, muſt be ſo too, 
ing ſo contrived, as to always bring out 
nearly the ſame value with the general one; 
but with this difference, that, as the general 
"FAT EMY wo er 
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one, for the moſt part, gives the anſwer a 
little too ſmall, the firſt of theſe always 
makes it a little too great; tho' neither of 


them ſcarce ever err, by more than — of a 
year's purchaſe. 


Value Value of | Value of 
Value of d e [ibs tho [tbe woo 
the two joint lives, joint lives, joint lives, 


N rule. 
| ah ' |hypoth. [hypoth. | 


S 
8 
AQ. 
CO 
Go 
GO 


4-5 VI | 47 
| 6 10 4.8 | 4-3 | 5-0 
6 12] 5.0 46 5.2 
6 14] 52 | 49 | 54 
6 16} 5.4 5.24 $5.5 | 
8 10] 6.0 | 5.3 J 62 | 
18 12] 6.4 | 5.8 6.7 
8 14] 6.7 | ©6.3 7.0 
8 16] 6.9 6.7 7.2 | 
110 12] 7.5 6.8 7.8 
10 14} 8.0 7.5 8.3 
10 16} 8.4 8.1 | 8.7 
112 14] 9:3 8.6 9.5 
12 16] 9.9 9.4 | 10.1 
ere 
14 16 11.4 | 10.6 | 11.5 


In 
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In the fame manner it may be made 
to appear, that the other rules for three 


joint lives, and the longeſt of two or three 
lives, are likewiſe very near the truth, but 


J ſhall content my ſelf here, with giv- 
ing one or two inſtances, in annuities 


upon three joint lives. Let there be three 
equal lives, and the value of an annuity 
upon each of them 14 years purchaſe, 
and intereſt at 4 per cent. then will the 
value of the joint lives, by tab. IV. come 
out 8.3, but by the two hypotheſes, 7.3, 


and 8.5, reſpectively. Again, let the lives 


be ſuppoſed very unequal, ſo as to be worth 
6, 10, and 16 years purchaſe, then will the 
value of the joint lives be, by the general 
rule, 4.5, but according to the hypotheſes, 
3-54, and 4.63 ; which examples, agreeing 
o well with each other, and with what 
has been aboveſaid, tend greatly to evince 


the accuracy of the rules, or, at leaſt, to 


ſhew that they are conſiſtent with the ta- 
ble of obſervations. 


O F 
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OF 


REVERSIONS. 


PROBLEM XIII. 


O find the value of the Reverfion of 
one lt Ve after another. 


SOLUTION. 


From the value of the life in expecta- 
tion, ſubtract the value of the two joint 
lives, or from the value of the longeſt of 
= two lives, ſubtract the value of the life 

ſſeſſion; the remainder, in either caſe, 
| 'be the required value of the Re- 
verſicn . 


2 — ——, 


This and all the following Solutions, relating to Re- 
verſions, are univerſally true, be the probability of life what 
it will, as appears from Prob. IV. V. and VI. —4 bein 
nothing more than the molt uſeful Caſes of the 
- Theorems there given. | 


K EX- 


_ - verſion would 


* . 
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EXAMPLE. 


' Suppoſe the age of the life in poſſeſſion 
to be 68 years, and that of the life in ex- 
pectation 11 years, and intereſt 4 per cent. 
then the values of the two joint lives, b 
Caſe IV. Prob. IX. will be 6.1, which 
ſubtracted from 16.3, the value of the life 
in expectation, leaves 10.2, for the value 
of the reverſion ; but if. the, youngeſt life 
had been in fleflion, the value of the Re- 
ould have been only 0.6. 


PROBLEM XIV. 
To find the value of the Reverfon of tuo 


lives after one. 
SOLUTION. 


From the value of the three lives, ſub- 
tract the value of the life in poſſeſſion ; the 
remainder will be the value of the two lives 
in Reverſion. 


EXAMPLE. 
Let the age of the life in poſſeſſion be 50 


r and thoſe of two lives in reverſion, 
| 45 
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45 and 56 years, and intereſt at 4 per cent. 
then the value of the three lives, by Caſe 
II. Prob. XII. will be 15.1, from which 
ſubtracting 10.1, the value of the life in 


poſſeſſion, there remains 1 o, ſor the value 
required. 


PROBLEM XV. 


To 2 the value of the Revenſian of one 
l fe _ . 


3OLUTION. 


From the value of the three lives, take 
the value of the two lives in poſſeſſion, 
there will remain the ** of e life in 
reverſion. | 


EXAMPLE. 


Suppoſe 18 Fry 26 to be the ages NO the 
two lives in poſſeſſion, and 32 . of the 
life in expectation, and intereſt at 4 per cent: 
then the value of the three lives, by Caſe 
IT. Prob. XII. will be 19.0, from which | 
ſubtracting 18,0, the value of the two lives 
in poſſeſſion, there remains 1 © for the va- 
lue of the reverſion, 


K 2 PRO-. 
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PROB LEM XVI. 


Jo find the value of the reverſion of one 
fe after two joint lives. 


From the value of the life in expecta- 
tion, ſubtract the value of the three joint 
lives, there will remain the value. of the 
life in reverſion. | 


o. E XAMPL E. 
10 08 all e e of the three pro- 
1 lives, be 21 years; then the va- 
ue of the three joint lives, by Caſe I. 
Prob. XI. will be 9:0, which ſubtracted 
from 14. 7, the value of the life in ex- 
leaves : 5. 57s equal the value of 
werben, When intereſt is at 4 per 
e. wp 5 Nn no 


2 eee xvn. 


cIV it « 


TW fall be dulu⸗ of the. reverſion of” fo 


Joint lives after one. 


041 8 A: 80. 
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SOLUTION. 


From the value of the two Joint lives, 


ſubtract the value of the three joint lives; 


the remainder will be * value of the 


reverſion. 
EXAMPLE. 

Suppoſe the age of the life in poſſeſſion 
to be 116 years, and the ages of the two 
joint lives in reverſion, each 28 years; 
then the value of the two joint lives will 
be 9.9, by Caſe I. Prob. IX. and that of 
the three joint lives, 8.5, by Caſe II. 
Prob. XI. the difference of which, or 


1.4, is the value of the reverſion ; intereſt 
being 4 per cent. | 


PROBLEM XVIII. 


8 Suppyfng fo perſons, A, B, to be 3 


N Koop of an annuity, which after 
10 eceaſe of either of them, is to be- 


tons 9 wh to, the ſurvivor for life : 
Pe nat ORs 


| 15 that annuity. 


10 
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SOLUTION. 


From the value of the life A, or B, 
ſubtract half the value of the two joint 
lives; the remainder will be the value of 
the ſhare of A, or B. 


EXAMPLE. 


Let the age'of A be 18 years, and that 
of B, 29 years, and the rate of intereſt 4. 

cent, then the value of the life A will 
be 15.2, and the value of the life B 13.2, 
from each of which ſubtracting (5.3) alf 
the value of the two joint lives, there 
will remain 9.9, and 7.9, equal to the two 
values required. 


PROBLEM XIX. 


A and B enjoy an annuity, to which a 
third perſon C, after the deceaſe of A, 
is to have the ſole right of poſſeſſion for li ife, 
provided B be then extinf ; otheraiſe 
| ut it to be equally divided between him 
and B, during their joint lives, and then 
to belong entirely to C, for life, if he be 
the laſt ſur vi vor : To find the value of the 
right of C in that annuity. 


S O- 
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SOLUTION. 


From the value of the life C, ſubtract 
half the value of the two joint lives B, C, 
and from the value of the two joint lives 
A, C, ſubtract half the value of the three 
joint lives A, B, C, take this laſt remainder 
from the former, and the reſult will be the 
value ſought. 


DEMONSTRATION. 


Let the annuity be 1 L, 7 the rate of | 


intereſt and 2, b, c, &c. a, 55 4 c, Ge. the 
probabilities of living 1, 2, Cc. years, as 
in the foregoing propoſitions. Now the ex- 
pectation of C, upon What he may happen 
to receive at the end of any year (ſuppoſe 
the firſt) may be conſidered in two parts, 
as depending on two different events; for 
firſt, if C be the only perſon of the three 
then n living, of of which the probability is 


cx IL In, he will be intitled to the 
whole year's rent, or 1 L, therefore his 
ſent expectation t thereon, viſcount being al- 


low'd, is c x I- x I- x © = . Secondly, he 


and B may happen to be living, and A 
| only 
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only extinct, in which caſe he is to receive 
only — of - 1 L; therefore, the probability 
of this being cx I, his expectation in 
this caſe. will be C I =: Hence, 
by adding theſe two values together, wo 
have © x I—a x 1—b x —+ ch x Ia x - — 


je aire Are ee for the total expec- | 
tation of C, upon what he -may happen 
to receive at the end of the firſt year. 
And, from the very lame manner of rea- 
E 5s 
ſoning, it will appear that - wp—_— 2 


— 2 is the value of the expecta- 
tion "of C upon what he may happen to 
receive at the end of the ſecond year, &c. 
Therefore the total - expectation, or preſent 
value of all the ſums that C may pn to 
eee from time to time, is 


c eb c a abc 
[edn nn Elie EL oh 
4 .. 
r r WF. . + 217 

3 1 1 1 WH 

2 c c a abc 

+ 48” BIA \ 3 220 


But 
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: + of * 
But (=+.5+ 5; &c.) the firſt column 


towards the right-hand, as appears from 
Prob. I. expreſſes the value of an annuity 
upon the life C; and the ſecond column 


(= += L , &c.) half the value of the 


2r 
fame annuity upon the two joint lives 
BC, and fo on; whence the truth of the 
Solution is manifeſt, —By proceeding ac- 
cording to this method, the value of any 
reverſion, however complicated, may be 


PROBLEM XX, 


A, B, C, ee amongft themſelves fo ur- 

'thaſe As, Ale to be 3 di uidal 
between them whilſt they 4 together, 
| then to be divided equally between the 

Au vi vort, then to belong intirely to t 

. Laſt ſurvivor for life: To find mot each 
Mi. ought to contribute towards dhe 


l 
$OLUTION. 


| From the wave of the Ui A ür half 
| the ſum of the values of the ſoint lives A, * 
* 9 | 
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and A, C, and to the remainder add 4 


of the value of the three joint lives A, B, C, 
the ſum ſhall. be the value which A ought 


to contribute; and the like will hold with 
regard to the lives B and C. 


DEMONSTRATION. 


The expectation of A, upon what he 
may happen to receive at the end of one 
year, may be conſider'd in four parts, as 
depending on ſo many different events; 
for, firſt, A, B, and C, may be all living, 
the probability whereof | is 4 6 c, in which 


caſe he is to receive — — of the year's rent, 
or.—of 1.L; therefore his expectation on 
this event is 3 Secondly, A and B 


may be living, and C extinct, the proba- 
bility whereof is ab x I, therefore on 


ab x T— — 


this event his expectation is 


Thirdly, A and C may be living, and B 
extinct, on this event his expectation is 


— — Laſtly, A may be the only per- 


ſon then living, upon this the expectation 


will by ER ; wherefore, by adding 
all 


— 
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all theſe four values into one ſum, we have 
r CE RAGS heal wa 


r 2 2 27 3 7 
lue of the expectation of A, upon what he 
may happen to receive at the end of the 
firſt year; from whence, by following the 


fame method of reaſoning, as in the laſt 


propoſition, the truth of the Solution will 


appear evident, 

In like manner may the ſhare of A be 
determined, be the number of perſons con- 
cerned in the purchaſe ever ſo great, = 
poſing the annuity to be always equally di- 
vided among the ſurviving lives ; for let P 
expreſs the value of the life A (viz. the 
value of an annuity of 1 L for the life 
of A;) Q the ſum of the values of all 
the joint lives, ariſing from the combina- 
tion of the life A, with each one of the 
other; R the ſum of the values of all the 


Joint lives, arifing from the combination of 


the life A, with each tuo of the other; 


S the ſum of the values of all the joint 


lives, ariſing from the combination of the 


life A, with each Zhree of the other, and 


ſo on ; then will P—S+ En Eb 
Fc. be the value which A ought to con- 


tribute. 


L 2 | PRO- 
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PROBLEM XXI. 
Suppoling any 2 ven number of lives P, Qs R, 


and that A, or IF: Heirs, are to receive 


1 A S upo oe of vacancy of any 
. 2 tbe 5 of A's 


ation in AR money, 
SOLUTION. 


Multi tiply che given ſum by the value 
of an annuity for the joint lives P, Q, R, 
120 divide the e by the value of 
ſame annul ty for ever; ſubtract the 
quotient from the given ſum, and there 
remain the value ſought. 


| „ e 


Let E be the value of an annuity for 
Ever (i. e. the number of years purchaſe 
ESD ) and P the value of an annuity 

the propoſed joint lives; therefore, ſee- 
the value gr the reverfion for ever, 

28 joint lives P, Q, R, to be re- 
ceived as ſoon as one of thoſe lives be- 
comes extinct, is to the ſum (8) to be 
received at the ſame time, as E to 8, the 
| preſent 
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preſent value of that reverſion, muſt, con- 
ſequently, be to the preſent value of this 
ſum, in the fame ratio of E to S; but 
the preſent value of the reverſion is known 


to be E—P, therefore that of the fam. 8 
will be T* $=S— . QE. D. 


EXAMPLE __..: 


Let the number of lives be 3, their 
ages each 27 years, the rate of intereſt 

per cent, and the propoſed ſum 1001. 
then the value of an annuity for the joint 
lives being (by the table) 8 years pur- 
\chaſe, and the value of an annuity for 
Ever 25 years purchaſe, we ſhall, by mul- 
tiplying 100/, by 8, and dividing the pro- 
duct by 25, have 432/. which ſubtracted 
from 100/, will leave 68 J. for the preſent 
value of 1o0/. to be received at the firſt 
vacancy of the three propoſed lives. 


PROBLEM XXII. 
Sappofing a given fum 8 to be depending, 
% as not 3 

P, Q. R, &c. are all entinct; lic requi- 


red te find the value of that fam in pri 
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SOLUTION. 


Multiply. the given ſum by the value 
of an annuity for the longeſt of the pro- 
poſed lives, and divide the product by the 
perpetuity; ſubtract the quotient from the 
given ſum, and there will remain the va- 
lue required. | 
The reaſons of this Solution will appear 
evident from the method laid down in the 
laſt Problem. - 


REMARK. 


In what has been hitherto laid down, we 
have had regard to ſuch annuities as are 
paid yearly, but if the payments are to be 
made every half year, which is moſt com- 

monly the caſe, the true value at which 
the purchaſe is to be eſtimated, ought to be 
a little increaſed; and therefore it may not 
be improper to conſider here, how much 
2 increaſe will be. In order to _— 
et E denote the tuity, or the value 

.of an 2 — P the value 
of the ſame annuity for any number of 
lives; then, ſince that life, upon whoſe 
failing the annuity ceaſes, has the ſame 
chance very nearly, to drop in the laſt as 
in the firſt half of the year, * 
t 
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that the purchaſer has, in this caſe, an 
equal chance to receive half a year's rent 
more than when the annuity is paid yearly; 
and therefore the ſum that ought to be al- 
low'd as an equivalent, for this, to be paid 


upon ceaſing of the annuity, will be — 
of a year's purchaſe, or — L, of which 
ſum, the 22 value will, by the laſt 
Prob. be ; but this is not the only 


advantage the ons has in this caſe ; 
for, beſides this, he has the uſe of the 
iſt, 3d, 5th, &c. half years rents each 
half a year; the value of which conſide- 


ration, ſince the intereſt of = — L, for half 


a year, is to 1 L, the whole ſum received 
in that year, in the conſtant proportion of 
1 to 4 E, will, it is manifeſt, be to the 
8 value (P) of all the ſums that may 

received from time to time, in the ſame 
9 proportion; and therefore is equal 


to > which added to ==> above found, 


gives 2 L for the whole value required. 


Hence -it appears, that be the rate of in- 
tereſt and the number of lives what they 
will, the difference of the values of two 
equal annuities, ariſing from the rents of 
one being paid yearly, and the other half 


yearly, 
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yearly, will in all caſes be © T of a year's 


purchaſe; and in like manner, it will be 

found, that the difference of the values 
of two annuities, upon account of the rents 
of the one being paid yearly, and the other 


quarterly, will, in all caſes be + of a 


year's purchaſe very nearly. 

From the ſame method of proceeding, 
may the difference between the value of 
an annuity payable in money, and the va- 
lue of an cftate in land, where the pur- 
chaſer enjoys it, by an actual poſſeſſion, 
to the laſt moments of life, be determi- 
ned; for, ſince it is an equal chance whe- 
ther the life on — the eſtate laſt . 
pends, in the former or latter ha 
of the Bp the purchaſer may be ſup 
ſed, in this caſe, to enjoy an an half 

a year longer, than he who i is paid in mo- 
ney yeatly, and intirely loſes the laſt pay- 
ment, if he dies but one day before it be- 
comes due; and therefore the preſent va- 
lue of this conſideration, by the laſt Prob. 


will be = * =; whence it appears, that 

11 rags the perpetuity you ſubtract the va- 

25 of an annuity payable in money, and 
vide the remainder by double the pe 

tuity, the reſult will 1 the parts 974 

year's purchaſe, expreſſing the — | 


of values required, 
This 
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This is true, when the value of the e- 
ſtate is to be eſtimated from the yearly 
rent it would produce, or when the poſ- 
ſeſſion for one whole year is exactly equi- 
valent to 1 L, to be received at the end of 
that year; but if the eſtate, when let, will 
bring in 1 L every half year,, then there 
being the advantage of the intereſt of the 
iſt, 3d, 5th, Sc. payments, for half. a 


year each, the value — above found, 
5 2 E 


ought to be incteaſed by g. which will 
bring it to — . for the difference 
required here, which in moſt real caſes 
will be = 1 of a year's purchaſe very near. 
Hence we may conclude, that if to the 
value of the annuity; as found in the ta- 
bles, be added - of a year's purchaſe, 
when the rents are to be paid half-yearly, 
or 2 of a year's purchaſe when they are 
to be paid quarterly, or the purchaſe is in 
land ; the ſum will give the value of the 

annuity in thoſe caſes reſpectively. 2 


5 ; 


g M PR O- 


2 
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PROBLEM XXIII. 


There is an eſtate, which, if A, the preſent 
pelſeſſor, happens to die in a given time, 
or before he attains to a certain age, is 
afterwards to belong to B, and his heirs 
for ever; to find the value of B's ex- 
pectution. | 


SOLUTION. 


The expectation of B may be conſidered 
in two parts, one with regard to what he 
may receive during the propoſed term, and 
the other with regard to what he may re- 
ceive after that term is expired ; the for- 
mer of which, as all the rents that become 
due in that term, will belong either to him 
or A, muſt, it is manifeſt, be equal to the 
difference between the value of an an- 
nuity certain for (u) the number of years 
in the faid term, and the value of ano- 
ther equal annuity for the ſame number 
of years, as depending on the 22 
of A's continuing alive to the end of that 
time; but the latter part of B's expectation, 
ſince the whole eſtate is to belong to him 
and his heirs for ever, if A ſhould happen 
to ke extinct at the end of the aforeſaid 


tem, 


* 
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term, will be the value of the perpetuity 
to be received 7 years hence, multiply d 
by the probability of A's not living to the 
end of that time; wherefore, if this pro- 
bability be denoted by P, the perpetuity 
by E, and the preſent value of 1 L, due 


n years hence, by m, and r, a, 45 a, Se. 
be ſuppoſed as in the preceding propoſitions, 
it is evident from what has been aboveſaid, 
that p E | 


+=+3+=+Z+ 55+ 2 Ce. 


/ 1 I Vn n : 
ma 
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will be the total value of B's expectation; 
where each ſeries is to be continued to as 
many terms, as there are units in z, But 
as the finding and adding together thoſe 
terms, when their number is great, may 
ſeem to require too much labour for com- 
mon * I have deduced the follow - 
ing rule therefrom ; which, being applica» 
ble to the tables, gives the true anſwer 
without any great trouble. 


M 2 - RULE. 


84 Of the VaLUATION. of 


From the perpetuity ſubtract the value 
of a life of that age, to which the e 
tation of B is limited, and multiply the 
remainder by the probability that A lives 
to that-age, and this product again, by the 
preſent value of 1 L, to be received at the 
end of the given term; to this laſt product 
add the value of the life A, in poſſeſſion 
and take the ſum from the perpetuity, an 
there will remain the value + 


| Ex AMPLE, 


Let the age of A be 8 years, and intereſt 
at 5 per cent. and let B be intitled to an 
eſtate for. himſelf and heirs for ever, upon 
the deceaſe of A, if A ſhould happen to die 

fore he attains to twenty-one ; then the 
value of a life of twenty-one will be 12.9, 
which taken from 20, the perpetuity leaves 


7.1, this multiply'd by £5 > , the probability 


of a perſon of the age * 8 living to 21, 
gives 5.97, which multiply'd by 0.53, the 
preſent value of 1 L to be received years 
hence, will be 3.16, this added to 14.3, 
5 value cf the life A, gives 17. 46, * 


ſum 
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ſum, deducted from the perpetuity, leaves 
2.54, for the value of B's expectation, 
which is little more than 2 _ year's pur- 


chaſe. £2 01 


i n . ; 
. - O 7 
* 1 9 * 0 
+ Þ+ - > 2 re 7 . 1 *F * 
6 - k ” * * $44 ef . N 4 a 4.4 


Q expects an eſtate for himſelf and heirs 
for ever, after the extinction of a gi- 
ven number of lives A, B, C, provided 
this happens in a given number (n) of 
years; to find at how much the value 
of Q's expeclation is to be eſtimated, 


'$0LUTION. 


Let every thing be as in the preceding 
problem. only let P here denote the 
probability that all the lives A, B, C, Ge. 
drop in 7 years; then by following the 
very fame method of reaſoning, there 
laid down, it will appear that pmE 


— / I 
I * 1—bX 1— 12 X 1—bþ x I—c 
»+ 6 


* 
a 
I——4X I-—0 X 


, &c. will be the true va- 
lue 


FF 
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lue of B's expectation; n 
to be continued to x terms. 


Ne, che foregoing Gries, in caſe of two 
or three lives, might be referred to the ta- 
d = that fn" the luſt 2 but 
the Advantage gained thereby, in computa- 
tion, would not be ſo conſiderablo. 1 
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SUCCESSIVE LIVES. 
PROBLEM XXV. 
Uppofing , 
and at 2 7 8 — 

g — of a Succeſſar, who is likewiſe to 


oy the 2 or bis life; to find the 
Fa value of the two Gale Fur Tio Lives. - 


' SOLUTION. 


Let the value of the life A, in oſſeſſion, 

be denoted by P; and let the to ba 
t in nomination, at the deceaſe of A, 
ſuch, that che value of an annuity 

d thereon, may be equal to Q, and 

let D be the required value of the tua 
— and E the value of the annuity for 


ever, 
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ka and let r, a, a, a, Ge. be as in the pre- 
5 Therefore, ſince the 
gon bility that the firſt life fails, or that 
ſecond” comes into poſſeſſion, the firſt 
year is 1—2; and as the total value of 
What the ſecond life will be intitled to at 
the happening of this event, is Q, the 


expectation on the ſecond, upon the con- 
tingency of coming into poſſeſſion the 


firſt year, will, it is evident, be 1—4 
Moreover, becauſe the probability that the 
ſecond life "_— into poſſeſſion the ſecond 


year is 4, che expectation on the whole 
value of the annuity, upon the probability 
of entering into poſſeſſion the bond year, 
— — for one year being allow'd): Will be 


Nl And after the ſame manner will 
the expectations, upon the 3d, 3d, 4th, 1 Sc. 


years, appear to be D gp, 5x — 
Sc. ee 2 therefore the ſum of all 


— 7 | 
ar, 425 1+ 2 * ae +5 * r. 
T 
. 
be equal to (DO -P) the preſent, total, va- 


lue 


- 
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2 


ue of the ſecond life. But = + I = + . 
Sc. is the value of the life A; "= 


T / 
fore, by writing P inſtead of - + 5 Sc. 
we have Q x 1-+P—Q x rP=D—P, and 
conſequently Day PQ = Fix 
PY YA ;; whence it appears, that 


if from the fam of the values of the two 


ungle lives be taken their product, divided 
by the perpetuity, the remainder will be 
the — of the two lives in ſucceſſion, 


QE. I. 


Otherwiſe, 


Since the value of the ſecond life in ſuc- | 
ceſſion, to be received at the deceaſe of A, 
is to the value of the reverſion for ever, 
fo be received at the ſame time, in the 
ratio of Q to E, the preſent value of the 


former of theſe will be to the preſent va- 
lue of the latter in the fame ratio; but the 


preſent value of the latter, or of the re- 
verſion for ever after the life of A, is given 
equal to E—P; therefore the preſent Va= 


lue of the former, wall be equal to 


* E DPO — — T. which being 0 
to P, the preſent Ade of the life A, gives 


N E 


— 5 


go Of the Vaiuation of 
P+ = the very ſame as was before 
determined, 


EXAMPLE. 


Let the preſent value of the life A, in 
poſſeſſion, be equal to 11.2 years pur- 
chaſe, and let the life put in nomination + 
at the deceaſe of A, be worth 16.3 years 
- purchaſe, and the value of an annuity for 
ever, equal to 25 years purchaſe ; then the 
ſum of the values of the two lives will be 
27.5, and their product 182. 56; this laſt 
divided by 25, the value of the perpetuity, 
gives 7.3, which being ſubtracted from 
27.5, there will remain 20.2, for the va- 
lue of the two Succeſſive Lives. 


PROBLEM XXVI. 


bree lives A, B, C, being given in ſuc- 
ceſſion.; to find their preſent value. 


SOLUTION. 


Let the values of the three lives, conſi- 


dered as independent of cach other, be re- 
| | | ſpectively 
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ſpectively denoted by P, Q, R, and let E 
be the value of an annuity for ever. There- 


fore, ſince the preſent value of the two firſt 
lives in ſucceſſion (A and B) is, by the laſt 


Problem, equal to P. Q- the value 


of the reverſion of the annuity for ever, 
after theſe two lives, will be E—-P—Q 


+ — ; and therefore, from the ſame me- 
thod of reaſoning as in the preceding Pro- 
blem, it will be as E: R:: E—-P—Q 
1 BE 
* rRNA 

R x 1 — K * ] _— the preſent value of 
the third life; this therefore added to 
P+Q—=3, the value of the two firſt, 
gives P- Q-+R— EER So oy 


—Þ: P Q R 
—Efinto 1 —1 q xl—PxI—>s 


for the required value of the three ſuc- 
ceſſive lives; from whence the value of 
any number of lives in ſucceſſion, may 
be derived by inſpection; and thence the 
following general Rule. 

Multiply the value of each of the pro- 
poſed lives by the intereſt of 1 L for one 
year, taking the ſeveral products from 
unity, and multiplying together all the 
remainders, let the product thus * 

2 


fate. 
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alſo taken from unity, and the remainder 
multiply'd into the value of the annuity 
for ever; then will the reſult be the va- 
lue of an. annuity for all the ſucceſſive 


lives. 9 


EXAMPLE. 
Let there be three lives given in fuc- 


— whoſe values ſeparately conſider d, 


are reſpectively equal to 8, 10, and 15 years 
purchaſe, and let intereſt be at 4 per cent. 
then the ſeveral given values, multiply'd by 
0.04, will be 0.32, 0.4, and 0.6; theſe ſe- 
verally ſubtracted from unity, leave o. 68, 
0.6, and 0.4, whoſe product o. 1632 being 
taken from unity, there will remain 0.8368, 


and this multiply'd by 25, the perpetuity, 


tree le — for the Preſent value of the 


PR OB LEM XXVII. 


Supboſin A to purchaſe an e ate, in copy- 
% 2 2 a5 2 * lives P 4 
R, 8, for the ſum „ on condition that 
he and his heirs Jhall renew it conti- 
nually, whenever any li Yep becomes vacant, 
for the ſam c; to 4 65 value 
of the whole parc . abe for that 


80. 


— — - — — — — 


* 


| b (by Prob. XXVI.) to cX1 —2 x _ 
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SOLUTION, 


11 the b of the ves P, R, Ge. 
upon which the leaſe is firſt granted, be 
P, 4, 7, &c. and e the perpetuity, and let 


the values of the lives ( P, P, Þ, &c.) which 


follow- in a direct Hank” Sr from P, be de- 


noted by 5, 5 5, Ge. and thoſe of the 
lives (. Ge.) ollowing, in a direct 


ſucceſſion from Q by 45 a, q, Ge. re- 


ſpectively, and ſo on, with regard to the 
reſt of the lives R, 2 then it will be 


as þ : c: :þ K 1—* -» the preſent value of 


— 


the life Þ (by Prob. XXV.) toc 1— 2 


the prefent value of the fam: (c) to be ks 
at the deceafe of P, or the-nomination of 


the new life P; and as Bf 1— 2 


5 / 
X 1— 2 the preſent value of the life 
: SR - — 


the preſent value of the ſum (c) to be paid 
upon: the deceaſe of P, or the nomination 


of P, the next life in this ſucceſſion: Andin 
the 


2 


— 
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the fame manner will the preſent values of 
the ſums to- be paid at the nomination of 


the lives B, B, &c. be found c x 1 — 


OT. — —-—»—ʒ —ͤ — 


a * 
* 1— 2 1H and cx 2 x 1— 


* 1— 2 * 1— 2. Sc. But the ſum of 
all theſe, or cx 3 = en 
'% i=Z +cx — 2 * 1—7 X 1— 2, 
Sc. continued in infinitum, is the preſent 
value of all the ſums that may be paid 
from time to time, for the renewals of all 
the lives in this ſucceſſion; and from the 
fame way of reaſoning, the preſent value 
of all the ſums, that may be paid. for the 
renewals of all the lives in the ſucceſſions 


GGG. &c. R, R, R, &c. &c. wil 


— — — — / 
. 3 7 4 . Es 
appear to be © x 1 enn 


M 


+cxI—FxI—+ x1, c. and 


| a F y 
e ; 4 yt 1 P 
Ry W e 


* 1 * Wr &c. &c, reſpectively. 
0 : There- * 
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Therefore, if to the ſum of all theſe, the 
value 5, paid at entring be added, the ag- 


— — 


Ul 


grein, 89+ cx I +I ＋ * 1 —£ 


“ 


— . ——— 


wil i 


— —„ 


— — [| e eee 


(XX fine Lo yen fix 124411 
e e Wien? e 


3 


— — 5 
" — 
14 


— 7 — 


F * Fart. « 


x 1, &c. Gr. will, it is evident, be the 
reſent total value of all that A and his 


eirs may pay for the enjoyment of the 
eſtate for ever. Q. E. I. | 


COROLLARY 1. 


Hence, if the lives with which the 
leaſe is filled up from time to time, 
be equal to one another, the general ex- 


preſſion will become 


b+c x 1—L * 


— — 


Nr | 
Ji, + 7. 6 


e 7 Ge. 
- NN 
which TY becauſe I + I — 


r 82 
e vga” c 
qual „ 7920 e 


e Ec. 


— 


COROLLARY. . 


But if al the liyes, as wall thoſe upon 
Which the leafe is firſt granted, as thoſe 
put into nomination afterwards, be equal to 
each other, the value allowed for the whole 


purchaſe will be 5 --- — 


c Nor. LARY' m. 


— 
* . Py - 


. ” 
r — Str tenth. _ CO” 1 _—_ — 


9 


, 1 x3—Z 1 x KEY 


£ 


Rx _ } — 1 P * 
c 3 12, c. 
Ce. be alen = 5 we Shall have C = 


a 


Wis 
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e—b 


17 * * N * 1 
— — —— — 
— ͤ C—_s I . — — — 4 


T- —＋7.— * 1 
Sc. ſhewing the true value that A and his 
heirs ought in juſtice to pay at each, re- 
newal ; which value, when the lives re- 
new'd with are all equal, will therefore be 


| = þ 
free, Oc. : 
The above Corollaries, exprefſed in 
words at length, afford the followin g prac- 


tical Rules. 


I. Subtract the ſum of the values of all 
the lives, upon which the leaſe is firſt grant- 
ed, from the perpetuity multiply d by the 
number of thole lives, and divide the 
remainder by the value of one of the equal 
lives, with which the leaſe is from time to 
time to be renewed, and multiply the quo- 
tient by the ſum agreed upon to be paid 
for renewing, and the product will be the 
preſent value of all the ſums that may be 
paid for all the renewals for ever ; which 
added to the value paid at firſt entring will 
give the total value of the Parchaſe. 


HII. Multiply the rent of one year bythe 

preſent value of all the ſums that may be 
paid for renewals (found as above) and di- 
vide the product by the perpetuity, and 
the quotient will be th ſum by which the 


rent 
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rent-roll of the firſt proprietor's eſtate, 


ought to be increaſed upon account of ſuch 
renewals. : 


III. Take the difference between the 
value paid upon firſt entering, and the per- 
petuity, and multiply it by the value of one 
of the equal lives, with which the leaſe 
is to be conſtantly renewed, divide the 
product by the excels of the rectangle of the 
perpetuity into the given number of lives, 
above the ſum of the values of all thoſe 
lives, and the quotient will be the ſum, 
which, in juſtice, ought to be conſtantly 
paid for renewing. 75 ; 


EXAMPLE. 


Let the propoſed eſtate be 1007. per 
annum, and the number of lives upon which 
the leaſe is granted be 2, and let their va- 
lues, ſeparately confider'd, be worth 10, 
12, and 15 years purchaſe; let the ſum 
paid upon entring be 1600 /. and that for 
renewing 400o/. and intereſt at 4 per cent. 
and ſuppoſe the purchaſer to have the li- 
berty of renewing with lives of what ages 
he ſhall think proper, or moſt to his own 
advantage. | 

Then the ſum of the values of the three 
lives will be 37 years purchaſe, which ta- 
ken from 75, three times the 1 

| | ca ves 
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leaves 38 years purchaſe; but the greateſt 
value of an annuity for one ſingle life (at 
4 per cent.) is, by the table 16.4; where- 
fore, "dividing 38 by 16.4, we have 2.317, 
which multiply'd by 4, the number of 
years purchaſe paid for each renewal, gives 
9.268 years purchaſe, or 926/. 16s. for the 
preſent value of all the ſums that may be 

id from time to time ſor renewing ; 
therefore 2 5261. 16s. is the whole value 
of the purchaſe; from whence it will be 
found that the ſum by which the rent- 
roll of the eſtate of the firſt proprietor, 
ought to be increaſed upon account of 
thoſe renewals, is 37/. 15. and that 3887. 6s. 
is the ſum that ought to be paid, in juſtice, 
at each renewal, | 


by >: 
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O F 


Expectation depends upon the Pro- 
bability of one particular Liſe, in 
on, ſurviving the reſt. 


LEMMA II. 
HE ages of two perſons A and B 


being given; to determine from the 
table of Obſervations, the probability which 
each F them has to furvi ve the other, 


Let ao repreſent the whole extent of | 
life, continued from the inſtant of birth at 
Q. + to the extremity of old age at O, and let 
QA, and QB, be the given ages of Aand B, 
and QA and QB any other two corre- 
ſponding ages to which they have a —_ 
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bf attaining; and let P5 u 0 be a curve, 


whoſe ordinates B 5, B Aa, &c. repre- 
ſent the numbers of perſons anſwering, in 
the table of obſervations, to thoſe ages; 


ſuppaſe c 9 as ee ee and 
An equal to B c, and 9 2 parallel to QO: 
put Aa, Aana, Be, b2==b, and 


22 An and ſuppoſe A, if he be the 
turviyor, to receive the ſum S. Then will 
the probability of * receiving that ſum, du- 


ring the interval An, be compounded of 
the Probability of his attaining to the age 


QA, and that of B's dying in the corre- 
onding interval Bc, of _ the former 


being , and the latter Is the * 


pound of both muſt conſequently be FLE 
Let this value, therefore, be defined (every 
where) by an area Ann FA, ſuppoſing 
EF to be a curve, whoſe whole area 
AOEA expreſſes the probability that A 


receives the ſum 8 ſome time during the 
—— interval AO; then by dividing 


£5 5 x (=Am) we ſhall have AF 
= 55 for the general equation of this 
9 


curve; 
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curve ; from which, by a known method 
for approximating the areas of curves, by 
means of equidiſtant ordinates, may the 
area AO EA be determined; which area, 
as it expreſſes the probability that A lives 
to receive the ſum 8, muſt alſo expreſs the 
probably that he out-lives B. Suppoſe, 
for inſtance. the age of A to be 40 years, 
and that of B 3o years, and ſuppoſe the 
interval A O (which may, with all the 
exactneſs here requiſite, be confined to 50 
years) to be divided into 5 equal parts at the 


points A, g, b, i; then will the ſucceſſive 
values of a, anſwering to theſe ſeveral ages 


QA, QA, Qs. Qbb, &c. according 
to the table, be found 294, 204, 130, 
Sc. and the decrements of life, againſt 
(30, 40, 5o, 60, 70, and 80 years) the 
correſponding ages of B, equal to 9, 10, 
8, 7, 5, and 3 reſpectively; 0 it 
will be, as 1 year, to the time (Bc) * 5: 
ſo is 9, 1o, 8, or 7, &c. the decrement 
in one year, to ꝙ x, 10x, 8 &, or 7X, Ge. 
the decrement in the time x very near ; 
which values, therefore, with thoſe above, 
being ſucceſſively wrote for h and 4, in the 
general expreſſion 6. I the ordinates A E, 
"hae 
x 4 5 


4. 
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/ . . . 
AF, g G, Sc. will, in this caſe, come out 
204% 9 ' 204XxI0 130xXx8 697 20X5 _ 
294 285 294 « 385" 294 x 385 294 x 385? 294 x 385? 


d —3.. reſpeCtively : therefore the va- 


294 x 385 . 
lue of the mean ordinate will here be 
202000 ; : 
294 X 385 x 288 © 0.008905, which multi- 


plied by AO= go, gives 0.44525 for the 
required probability of A ſurviving B; 


whence the probability of the contrary, 


that B ſurvives A, will be 1=0.44525 = 
9.55475. | ; 


Note. That a mean, from a given num- 
ber of ordinates, may be had by the fol- 
lowing theorems, where a, b, c, &c. de- 
note the given ordinates ranged according 
to order, and m is the mean ordinate cor- 


reſponding. 


 a+4b+c ad 3b+3c 4 P 
z. £4 = M 42 = n 


5 2a+32b+ 12 c+32d+7e_ = 

. go — 

6. TTT TAN 

* 288 | 

- 41a+216b+ 275+ 2724+ 27e4216/4-418 __,, 
. 840 


PRO- 
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PRO PLE M VII. 


A and B are in joint poſſeſſion of an an= 
nuity; which, if A be the longer liver, 
zs, after. both lives. are extinct, to belon 
ro C and his heirs for ever : To pul th 

preſent value of he expeebation of C, 
that (94% | 


 $SOLUTI ON. 


From the value of the annuity for ever, | 
ſubtract the value of the two lives in poſ- 
ſeſſion, une multi 4 1 the remainder by the 
probability of A ſurviving B (found by the 
preceding EY and the —_— will be 
the value required. - 

For ſince the value of the reverſion 
which C and his heirs expect, did it not 
depend on A's ſurviving B. would be the 
exceſs of the value of the annuity for ever, 
above the value of the two lives A and B 
that exceſs multiply d by the probability of 

A ſurviving, muſt conſequently be the true 
value of the reverſion, allowing for chat 


contingency. 


E X- 
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EXAMPLE. 


Let the age of A be 40, that of B go, 
and intereſt of money at 4 per cent. then 
the value of the two lives A and B will be 
15.8 years purchaſe (by Caſe II. Prob. X.) 
which taken from 25 years purchaſe, the 
value of the annuity for ever, there will 
remain 9.2, and this multiply'd by 0.445, 
the probability of A ſurviving B, gives 4.1 
for the number of years purchaſe re- 
quired, | 


PROBLEM XXIX. 


Were are three perſons A, B, C, the two for- 
mer of whom A, B, enjoy an annutty between 
them, which annuity, if A ſurvives B, 
1s afterwards to belong equally to A and C, 
during their joint. continuance, and then 
intirely to C for life, if be be the: laft 

ſurvivor; to find the value of C's ex- 

_petation on that annuity, | 


SOLUTION. 
Take the excels of the value of the three 
lives A, B, C, above the value of the two 


lives A, B, and alſo the exceſs of the va- 
| Rs lue 
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lue of the two joint lives A, C, above that 
of the three joint lives A, B, C; multiply 
the former of them by the probability that 
A ſurvives B, and to the product add half 
the latter, and the ſum thus ariſing will be 
the true value of C's expectation. | 
For ſince the firſt of the abovemention'd 
exceſſes would be the preſent value of all 
the rents that C might receive after the 
deceaſe of A and B, was not that value to 
depend on A's ſurviving B, the true value 
of thoſe rents, allowing for that contin- 
gency, muſt be the product of that exceſs, 
by the probability of A ſurviving B: there- 
fore, as the latter of thoſe exceſſes is (by 
Prob. V.) double the value of all the 
other rents that he may receive, during 
the joint continuance of himſelf and A, the 
ſolution is manifeſt, | 


LEMMA III. 


The ages of any number of perſons R, A, B, 

C, D, Sc. being given; to find the pro- 
bability that any one of them, pitch'd upon, 
as R, ſhall ſurvive the reſt. 


Let QO repreſent the whole term of 
life, continued from the time of birth at 
Q, to the extremity of old age at O; and 
ler QR, QA, QB, QC, Ge. be the 
given ages of R, A, B, C, Sc. reſpective- 

| 5 ly, 


WW. 0 
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/ / 
ly, and QR, QA, Q B, QC, Sc. any 
other contemporary ages to which thoſe 
perſons have a chance of living ; let PSO 
be a curve whoſe ordinates Cc, RS, Bb, 
Sc. every where expreſs the numbers of 
perſons, in the table of obſervations, an- 
ſwering to the correſponding ages Q C, 
QR, QB, Sc. let & be as near as can 
be to Aa, and Ak, Bi, Rm, Eg. Sc. 
all equal to one another, and let p 2, 93, 


and 75, Sc. be parallel to QO. Put RS 
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==", Rr=7, Rn, Aa a, Aama, 
42 =0, Bo= b, Bl =, 53 b. Cesc, 


Cemc, c Dc, &c. and let R, in caſe he 
be the laſt ſurvivor, be intitled to receive 
the ſum 8; then will the probability of his 


receiving that ſum, in the interval R m, 
depend upon theſe events; firſt, that he 


attains to the age QR; ſecondly, that 
only one of the other perſons ſhall then 
remain alive; and laſtly, that this perſon 
ſhall alſo go out of being, during that in- 
terval ; whercfore, ſince the probability that 
all the lives except R and A, are extinct before 
that time 1s HER] Sc. and 


that of A dying in the ſaid interval, equal 
bb 


to ©, it is manifeſt that — = x5 X —_— XX 


= x + . e ee 


probability of Rs receiving the ſum 8, in 
the forefaid interval, which depends upon 
the chance of A's being the laſt ſurvivor, 
except R; and for the like reaſons it will 
app ar, chat the other parts of that pro- 
| uy, depending s the . chance of 
b. C, D „Ge. Pe laſt {urvivor but 


=” HY” a 
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8 . / 0 | 
and e Sc. Ge. 
reſpectively; ; therefore the am of all theſe, 
b 4 

or its equal „ 
PM a—4 — 4 

| 7 U 
&c, by putting p==— 1 
Ge. will be the whole probability of re- 
ceiving the ſaid ſum during that interval. 
Let this probability be, every where, re- 


reſented by the area RmnFR, ſuppoſing 
BPO to be a curve, whoſe 3 gs 
RE OR expreſſes the probability that R 
receives the ſum 8, ſometime during the 
whole interval R 0, or ſurvives all the 
other —, A, B, C; _then by dividing 


Ob 
3 os 


ae 


eee. we tall, have- RF = x 


un. 


— 4 — ö , . for the 
1 1 = „„ 


general equation of this curve; from which, 
by the method and theorems laid down in 
Lemma II. the area RE OR, and conſe- 


quently the probability expreſſed thereby, 


may be determined, 


C O- 
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COROLLARY. 


If the probability of life be conſidered 
as decreaſing uniformly, then will PS O 


become a right-line, and a—a, bb, cc, 
Sc. as alſo 4, b, c, &c. equal to each 


other ; therefore, by putting 2. , 4=2, 
and z the whole number of perſons given, 
the probability of receiving the ſum 9 in 


the interval R m, will be defined by 


Hz * 1— 


1—1 : as h 'r fl 

FFT a, x73 2—2 2; whoſe flu- 
ent (after proper correction) will, when 
1 be —T77 zz multiply'd into the two 


following ſeries ra +ra x b m2 gz 
+rab x T3 3erabe x d. tO 


Se — — FF 
* : 2——1 
DT ears ef e e ah 
Hz i 
RY"; Io wag 


= — He. where 


each ſcries is to be continued to as man 

terms, as will expreſs the place which the 

perſon propoſed obtains, reckoning accord- 
ing to ſeniority, provided that perſon be not 
| the 
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the youngeſt of all, in which caſe, one term 
leſs than that number is to be taken. But 
the fluent thus found, is the required pro- 
bability of ſurvivorſhip, according to the 
above hypothefis, and, with a little cor- 


rection, will ſerve ſufficiently near in real 
caſes, 


PROBLEM XXX. 


To determine the value of a reverſion for 
ever, after any number of lives A, B, C, 
Sc. upon the contingency of one particu- 
lar life A being the laſt ſurvivor. 


$OLUTION. 


From the value of the annuity for ever 

ſubtract the value of all the given lives, and 
multiply the remainder by the probability 
that A is the laſt ſurvivor (found by the 
above Lemma) and the product will be the 
value required ; which will appear manifeſt 
from the reaſons already laid down in the 
two preceding problems, 
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* TABLE — the preſent value 
72 pound, to be received at the end 
& * number of years, not exceeding 
90, ſcounting at the rates of 5, 4, 


3 per cent. compound intereſt. 


et. 


2 2 2 [Value 7 Value 2 1 
B fat 5 perjat 4 perſat 4 per] 3 at 5 perjat 4 þ 

* cent. ent. cent. | 

| 952 926] o4ahs 3279 4388 578 
12.90% 9245 9426223418041 
386380 +8890] .9151129} .3255| 4057 

4} +8227] .8548] .8885124} .3100]| .3901} . 
578350 8219] .8626(25] .2953] 43757} - 

.7 462] .7903 .2812 .3607] . 

7] -7107] .759 2678. 3468 

8.6768. 7307 2551033350 

91.6446 702 2429. 32064 
bi 6139] .6756 2314 358 N 

11 5047 6496 22044. 2965. 
124.5568. 624600 2099. 2851 

13. 5 303. 60 1999 2741 
(x4] +5051] +5775 19030. 2636. 36 
481005553 25343554 
116.4581053 1726 2437 345 
17143630513 23430335 
180.4155403 22530325 
19] .3957] 47460 2166] .3158 

*| +3769] . 564] - 2083] .306 
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<[Value [Value | 
Þ lat 5 perjat 4 5 
cent. ent. 


ww Tur 


Un 


TESTS 
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A TABLE fhewing the preſent value 
Y an annuity of one found for any num- 
ber of years, not exceeding go, when 
intereſt is at 5, 4, and 3 per cent. 


' | | 


O11 — , — — —— . 4 
=|Value” {Value [Value ge Value |Value Value 
B 6's Mg us po t 4 per at 3 per 
5 . | cent. ; n. cent. cent. 

0.971 21/T12.821 14.020 8.425 

1.913221 3. 16301 4.45 115.939 

2.8292 301 3.488014.857 16.444 
| 3-7171-411 3-799]! 5-247 16.930 
4.580[25114.<94|15.622[17.413 
5.497120114-375]15-983]17 877 
6.230[27114.043]16.329]18.327 
7.020{28[14.898]16.663]18.7 64 

6 7.786[29]115.141]16.984419.188 

8.5 30130115.372117.292[19.600 

11 8.30 8.76c| 9.253/31115.593[17.588 20.000] 
12] 8.863} 9.385] 9.954;32]15.803]17.87 320.389 
12] 9.393] 9.955110.635133116.002118.148{20.766 
13 9.89910. 5611. 290034/16.193/18.411021.132 
15 10. 38-11 t.116111.938,35116.374118.665121.487 
1610 838/11.652 12.561036 16.547 18.908021.832 
1711.27412. 16/13. 16637/167111. 14222. 167 
1811. 6891 2. 6513.75 3 38016.86819.368022.492 
19.12.0851 3.13/14. 324.30 17. 171.5842. 805 
20.12. 46213. 590 [4.877 4917-159]19-793j23-4 15 


1222 


* 


Annuities z4p07 Lives. 115 


. = 


Value Value 


at 5 per 


cent. cent. 


Value | 
at 4 perſat 3 per. 
cent. 


Value 


cent. 


at 5 per 


Value 


 lcent. 


at 4 perjat 3 per 
2 


Value 


17.294119.993 
17.423020. 186 
17.546/20,371 
17,663120.549 
17.77 40. 7 20 


17. 88020. 885 


17.981121.043 
18.077]21.195 


GI 
52 
53 
54 
55 


500 


18.16921.341 


6.250121.482 
18.339j21.617 
18.418[21.7 47 
18.493]21.873 
18.565[21.993 


18.633 


22.109 


18.698 
18.760 
18.819 
18.876 


8 929 


22.220 
22.327 
22 430 
22.5 28 
22.623 


18.980 
19.029 
19.075 
19.119 


22.715 
22.803 
22.887 


23.412066 
23.701067 
23.982068 
244254109 
24-519/70 


19.201 
19.239 
19.275 
19.310 
19.343 


23.122 
23.194 
23.203 
23.330 
23.394 


24.7751 
25.0252 
2526773 
25.580274 
25.7305 


19.374 
19.404 
19.432 
19.459 
19.48 5 


2 3.456 
23.5 16 
23.573 
23.628 


25.9576 
26.166,77 


26.375708 


26.578,79 
26.77 4,50 


19.509 
19.533 
19.555 
19.57 

19.596 


23-7 
23.7 


23 827 
23.872 
23-915 


26.965 81 
27.151082 
27-331 33 
27.506 54 
27.67 6085 


27.840806 
28. 00087 
28.156088 


22.968 


19.161 


— 


23.046 


28.453 


Ip 


19.615 
19.634 
19.652 


84119.668 


19.684 


| 


2 3.680 29.702 


35 
O 


28.595 
28.733 
28.867 
28.997 
29.123 


29.246 
29.365 
29.481 
29.593 


29. 808 
29.910 
30.01 
30. 108 


30. 201 


23.957030. 292 
23.997 30.381 
24 036.30. 467 
24.0 3 30.550 
24.108,30. 631 


19.699 
19.713 
19 727 
19.740 


— — — 


24. 143/30.7 10 
24.170130.78 
24.207, 30.860 


19.752 


24.2 383.932 
24.207 8 


Q 2 
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 # TABLE frewing the difference « 
values of an annuity for hfe, at FA 


rates of 3, 4andg-; per cent, intereſt, 


=; 


_ — 


This table may be uſed as a ſupplement 
to that in page 38, Cc. thus; Suppoſe it 
were required to find the value of a life 
of forty-four, at the rate of 4 7 per cent. 
intereſt ; then looking in tab. I. page 39, 
againſt 44 years, under 4 per cent, you will 
find 11.0, with this enter the firſt column 
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of the laſt table, and againſt it, in the 
ſecond column, you will have 0,6, which 
ſubtracted from 11.0, leaves 10.4 for the 
value requized, 


A METHOD for inveſtigating the va- 
lues of annuities lives, by approxi- 


mation, without the help of tables. 


Becauſe there may be occaſion ſome- 
times to know the values of lives com- 
uted at different rates of intereſt, from 
apy exhibited in the foregoing tables, and 
as the general method for this purpoſe, 
laid down in the former part of this book, 
is too tedious for common practice, I have 
endeavoured to remove that inconyeniency 
by help of ſome eaſy approximations. To 
effect this, I found it neceſſary to conſider 
the values of lives in two different caſes, 
one when the given age is leſs than 45 
years, and the other when it is greater. 


RULE I. 


To find the value of an aſſigned life, whoſe 
age is not leſs than 45 years. 


Multiply the difference between the you 
age and 92 years, by the intereſt of 1 J. 
for one year, add 2.47 to the n. and 
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divide the ſaid difference by the product fo 
increaſed,” then the quotient will be the 
anſwer, . mh. ag 

_ Note, This rule comes ſo near the truth, 
that the error for the general part does not 


a f I 2 , 
amount to —, and ſcarce ever to — of a 


year's purchaſe, -* 


EXAMPLE I. 


Let the propoſed age be fifty years, and 
intereſt at 10 per cent. then ſubtracting 50 
from gaz, we have 42, which multiply'd 
by 0.1, the intereſt of 1 J. will be 4.2, and 
this added to 2.47, gives 6.67; by which 
divide 42, and there will come out 6.3 
for the value required. 


EXAMPLE II. 


| Suppoſe the given age to be 55 years, 
and intereſt at 4 per cent. Here the diffe- 
rence between the given age and 92 years, 
will be 37, and the intereſt of 17. equal 
to 0.04 ; with which proceed as in the laſt 
example, and the required value will be 
found 9.36; but if the rate of intereſt had 


been 4 _ per cent, the value then had been 


only 8.94 ; the like of any other. 
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I would willingly have given a rule ſimi- 
lar to the foregoing, for the other caſe 
where the given age is leſs than 45, but 
have not been able to find. out any thing 
either ſo general or ſo ſimple, as that a 
proximation for older lives ; however, if the 
rate of intereſt be not leſs than 3, nor 
greater than 10 per cent. nor the age pro- 
pounded, leſs than 12 years, the value of 
ſuch a life may be always had by the 
following rule, to a degree of exactneſs 
equal to the former. e 


RULE II. 


To find the value of any aſigned life, whoſe 
age is neither leſs than 12, nor greater 
than 45 years. EL 


Take the difference between the given 
age and 29 years, alſo between the ſame 
age and 100 years, and let the former of 
thoſe differences be multiply'd by 10 times 
the intereſt of 1 J. for one year, and the 

oduct added to, or ſubtracted from the 

tter, according as the given age is greater 
or leſs than 29 years, and let the ſum or 
remainder be multiply'd by 40, and the 
product be reſerved : add 100 years to the 
given age, and multiply the ſum by 22 
times the intereſt of 1/, for one year; 
add 100 to the product, and divide the 
| reſerved 
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reſerved product by this ſum, — © 3-3 pres 


. 


EXAMPLE. 
Let It be propoſed to find the value 6f 


a life of twenty, computed at the rate of 


5 fer cu, 

Here the firſt mentioned difference will 
be g, and the other 80 * and therefore the 
forther multiply'd „or 10 times the 
intereſt of 1 J. wi bis 4.55 which ſub- 
tracted from $0, leaves 75.5, and this mul- 
tiply'd by 40, will give 3020, for the pro- 
duct to be reſerved, Moreover the given 
age, increaſed by 100 years, is 120, which 

multiply'd by 1.1, (=22 x. oß) will be 
132; therefore dividing | 3020 by 232 
(=100+132) we have 13.1 for the num- 
ber of years purchaſe required. 

It will be needleſs (I preſume) to offer 
any thing farther by way of example; 
but, for the reader's ſatisfaction, and to re- 
move any douht that he may entertain with 
regard to the exactneſs of the above me- 
thods of ſolution, I have thought proper to 


add the ſubſequent-table ; which ſhews the 


values of lives to every 1oth year of age, 
both according to thoſe methods, and alſo 


according to the table of obſervations. 


"os 


| Of ,MI2.4 '9 
* o 
* 4 1 
. * — * 
6] 6.57. ba 
T ' ("21.41 


The two 3 rules are adcothrho« 
dated to the ſame obſervations as the preced- 
in tables, as the beſt, undoubtedly, for the 
city of London, and parts adjacent; but if 
any one be deſirous of an approximation 
according to the Bre/lau obſervations, the 
following rule, in any caſe where the pro- 
poſed age is not les than 30 years, nor the 
rate of intereſt leſs than 3, nor greater than 
6 per cent. will give the true anſwer very 
nearly: The rule is this, 

Multiply the differefice between'the given 


age and 87 years, by — > of the intereſt of 


x J. for one year, and add 1.9 to the 
duct, and divide the ſaid difference * 
leſs by 2, by the product ſo increaſed, and 
man the OT It wil be the value required, 
R Having 
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Having now ſhewn how to approximate 
the values of ſingle lives, it remains next to 
lay down ſomething in relation to annuities 
upon two or three lives, 


RULE III. 
To find the value of two lives A and B. 


Multiply the value of the youngeſt life 
A by the intereſt of 1 J. for one year, and 
ſubtract the product, and alſo half the pro- 
duct, each from unity, dividing the laſt re- 
mainder by the former; multiply the value 
of the life A by the quotient thus ariſing, 
and divide = of the ſquare of the value of 


the oldeſt life B, by this product, then the 
quotient, added to the value of the life 
A, will give the required value of the 
longeft of the two lives, 
EXAMPLE. 

Suppoſe the value of the youngeſt life A 
equal to 12 years purchaſe, and that of the 
oldeſt B, equal to 10 years purchaſe, reckon- 
ing intereſt of money at 4 per cent, then 
the value of the life A multiply'd by 0.04, 
the intereſt of 1/, for one year, will be 
0.48, and half thereof equal to 0.24 ; theſe 
ſeverally taken from unity, leave 0.52 and 
0.76, the former of which divided by the 

1 1 . 
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latter, gives 1.46, and this multiply'd by the 
value of the life A, will be 17.52 ; there- 
fore by dividing 75 of * ſquare of the 
value of the life B, by 17.52, we have 


2:3, which added to 12, gives 14.3 for the 
ue required, ; | 


RULE IV. 
To find the value of the three lives A, B, C. 


Firſt, find the exceſs of the value of the 
two youngeſt lives A, B, above that of 
the youngeſt life A, by Rule III. then 
divide the value of the oldeſt life C, 
by the value of the life B, and cube the 
quotient, and multiply that cube by half 
= faid exceſs ; then the product added to 

e value of the two lives A and B, will 
be the value required. SY. 


EXAMPLE. 


Let the value of the life A be ſuppoſed 
equal to 12 years purchaſe, that of B equal 
to 10 years purchaſe, and that of C equal 
to 8 years purchaſe, and intereſt at 4 
cent. then the exceſs of the value of the 
two lives A, B, above that of the youngeſt 
life A will be 2.3 (by Rule III.) moreover, 
the value of the life C being divided by 

: R 2 that 
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t of B, we have 0.8, the cube whereof, 
95.025 which multiply'd by , l 
the does erbe, gives 0.588, or o.6 
nearly, and this added to 14.3, the value 
af the two lives A, B, gives 14.9, for 
the value of all the three lives. * 

Note. "The two laſt rules will ſerve in- 
differently, either according to the London, or 
according to the Breflay obſervations, the 


error, in either caſe, ſeldom exceeding 7 
of a year's purchaſe, as I have found by 


STS ,4+ 


Jo determine from a table of obſervations, 
and the bills of mortality of any place, the 
 wumber of fouls contained in that place. 


$OLUTION. 


Let AO repreſent the utmoſt extent of 
life continued from the time of birth at A, 
to the extremity of old age at O, and let 
BDPO be a curye, whole ordinates Chl 
ar, Sc. are, every, where, to one another, 
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the E of perſons (ound in the ta- 
RN 
c. let a very near, 

ang =— to AB, and 9 at the fame 
diſtance from QP, and let the rectangle BS: 
repeelent the number of perſans which die 
n the propoſed place, in any given interval 

of time AS, as found from the hills of mor- 
tality ; then will the number of one 


BY R 


—_ 
IN | 
3: - - 


AZ O87 6 


come into, or go out of, being in the inter- 
val Aa, be repreſented by the rectangle Ba; 
and conſequently the number of all the liv- 
ing, whoſe ages are comprized in this in- 
terval, by the area BA anB, or the ſame 
rectangle B very near: Wherefore, fince 
the number of individuals, whoſe ages now 
take up Aa, will in the time AQ be 
reduced in the ratio of AB to PQ, ſa aa 
to be expounded by the area PQ 9gpP, the 
number of all the living at the end of that 

time, 
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time, whoſe ages are then included between 
Q and g, will be repreſented by the area 
PQ9g#pP; fince it is evident that the ages 
of all who come into being, before or after 
thoſe now included between A and a, will 
then be either greater than A q, or leſs than 
AQ._ Therefore as the number of the liv- 
ing, at all equal ages, is ſuppoſed to con- 
' tinue conſtantly the ſame, and as the above 
_ reaſoning holds every where throughout the 
whole extent of life AO, it is manifeſt 
that the number of all the living, at any 
one time, will be expounded by the whole 
curvilineal area AOPBA, and therefore 
will be to the number of perſons dying, in 
the propoſed interval of time AS, as that 
area to the rectangle BS. Q. E. I. 


— 
— Wu. x 4 


” COROLLARY. 


Hence if the whole term of life A O be 
divided into ſeveral ſmall intervals Aa, a6, 
bc, &c. ſo that each interval may repre- 
ſent one whole year, and ordinates A B, 
a1, b2, &c, be deſcribed at the points of 
diviſion, and the firſt AB be taken 1280, 
then will 2 1, 52, c 3, &c. according to 
the foregoing table of obſervations, taken 
from the bills of mortality of the city of 
London, be 870, 700, 635, 600, &c. re- 
ſpectively; from hence the area AB OA 
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BR 


2 
5 
N a 
pppd 
22222 nn n 0 


will come out 25500 very near, which 
area is, therefore, to the rectangle Ba, as 
25500 to 1280, or as 20 to 1 nearly; 
whence it appears that the number of the 
living, at any one time, born within the 
bills of mortality of this city, is to the 
number of births happening yearly within 
the ſame bills (taken at a medium) as 
20 to 1, very near; but ſince the number 
of burials happening yearly, always exceeds 
the number of births, by reaſon” (as has 
been before obſerved) of the continual 
afflux of people from all parts to town, 
the proportion of that number to the whole 
body of the inhabitants, will be conſide- 
n =_ 

iven; yet may nearly eſtimated 
. together the number of burial | 
and chriſtenings, Se. 
And (from a method too tedious to be 
inſerted here) I make it as 1 to 26 very 
near. I know indeed that a certain author, 
conſiderable in theſe kind of diſquiſitions, 
| give, 
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gives the proportion very different from'that 
above, v1Z. as 1 to 35; but this, I appre- 
hend could only be awing to a want of 
obſervations; becauſe, if we ſuppoſe as 
many perſons to live, at any one time, as 
die in 35 years, then it will follow, that 
the expectation or ſhate of life due to each 
infant, at its coming into the world, taken 
at a medium, is 35 years; but it evidently 
appears from 2s egoing table, and othet 
undoubted obſervations, that there is ſcarce 
any: part of life wherein the expectation is 
ſo great as 35 years, much leſs in the very 


beginning of ie;; annenided by" fo many" cas | 
ſualties and dangers | 
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